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Abstract. We consider families t ft of C"^ unimodal maps ft whose 
critical point is slowly recurrent, and we show that the unique absolutely con- 
tinuous invariant measure fit of ft depends diflferentiably on t, as a distribution 
of order 1. The proof uses transfer operators on towers whose level boundaries 
are mollified via smooth cutoff functions, in order to avoid artificial discon- 
tinuities. We give a new representation of fit for a Benedicks-Carleson map 
ft , in terms of a single smooth function and the inverse branches of ft along 
the postcritical orbit. Along the way, we prove that the twisted cohomological 
equation v = ao f — f a has a continuous solution a, if / is Benedicks-Carleson 
and V is horizontal for /. 



1. Introduction 

The linear response problem for discrete-time dynamical systems can be posed in 
the following way. Suppose that for each parameter t (or many parameters t) in a 
smooth family of maps 1 ft with ft'- M — > M, (Af a compact Riemann manifold, 
say) there exists a unique physical (or SRB) measure (See |59] for a discussion 
of SRB measures.) One can ask for conditions which ensure the differentiability, 
possibly in the sense of Whitney, of the function /i( in a weak sense (in the weak 
^-topology, i.e., as a distribution of order 0, or possibly as a distribution of higher 
order). Ruelle has discussed this problem in several survey papers [43|, [45], [47] . 
to which we refer for motivation. 

The case of smooth hyperbolic dynamics has been settled over a decade ago ( j24] . 
[42]), although recent technical progress in the functional analytic tools (namely, 
the introduction of anisotropic Sobolev spaces on which the transfer operator has 
a spectral gap) has allowed for a great simplification of the proofs (see, e.g., [T7]): 
For smooth Anosov diffeomorphisms fs and a observable A, letting 

Xs=dth\t=,of-\ 
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Ruelle [42] , [44] obtained the following explicit linear response formula (the deriv- 
ative here is in the usual sense) 



and the series ^a(-z) at z = 1 converges exponentially. In fact, in the Anosov case, 
the susceptibility function is holomorphic in a disc of radius larger than 1 . This is 
related to the fact (see [7] for a survey and references) that the transfer operator 
of each fs has a spectral gap on a space which contains not only the product of 
the distribution /is and the smooth vector field Xg , but also the derivative of that 
product, that is, (X^, grades) + {div Xs) ^is- 

One feature of smooth hyperbolic dynamics is structural stability: Each ft, for 
small t, is topologically conjugated to /□ via a homeomorphism ht, which turns 
out to depend smoothly on the parameter t. With the exception of a deep result 
of Dolgopyat [20j on rapidly mixing partially hyperbolic systems (where structural 
stability may be violated, but where there are no critical points and shadowing holds 
for a set of points of large measure, so that the bifurcation structure is relatively 
mild) , the study of linear response in the absence of structural stability, or in the 
presence of critical points, has begun only recently. 

However, the easier property of continuity of with respect to t (in other words, 
statistical stability) has been established also in the presence of critical points: For 
piecewise expanding unimodal interval maps, Keller |25| proved in 1982 that the 
density ipt of Ht, viewed as an clement of L^, has a modulus of continuity at least 
tlogt, so that t (pt is r- Holder, for any exponent r e (0, 1). For nonuniformly 
smooth unimodal maps, in general not all nearby maps ft admit an SRB measure 
even if /o docs. Therefore, continuity of 1 1—)- /it can only be proved in the sense of 
Whitney, on a set of "good" parameters. This was done by Tsujii [53] and Rychlik- 
Sorets [ini hr the 90's. More recently, Alves et al. [2], [I] proved that for Henon 
maps, t I— >■ /xt is continuous in the sense of Whitney in the weak ^-topology. (We 
refer, e.g., to [8] for more references.) 

Differentiability of /it, even in the sense of Whitney, is a more delicate issue, 
even in dimension one. For nonuniformly hyperbolic smooth unimodal maps ft 
with a quadratic critical point {ft{c) < 0), it is known [ST], [SS] that the density 
0f of the absolutely continuous invariant measure /it of ft has singularities of the 
form y'a; — Ck,t~^, where the Ck,t = ft{c) are the points along the forward orbit 
of the critical point c. (Following Ruelle [48]. we call these singularities spikes.) 
Thus, the derivative of the invariant density has nonintegrable singularities, and 
the transfer operator cannot have a spectral gap in general on a space containing 
{Xt4>t)'- In fact, the radius of convergence of the susceptibility function 'i>A{z) is 
very likely strictly smaller than 1 in general. Ruelle |46| observed however that, in 
the case of a subhyperbolic (preperiodic) critical point for a real analytic unimodal 
map, "^aIz) is meromorphic in a disc of radius larger than 1, and that 1 is not a 
pole of 5*^(2) . He expressed the hope that the value ^'a(I) obtained by analytic 
continuation could correspond to the actual derivative of the SRB measure, at least 
in the sense of Whitney. 




where ^'a(^) is the susceptibility function 




k=0 
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This analytic continuation phenomenon in the subhyperbohc smooth unimodal 
case (where a finite Markov partition exists) could well be a red herring, in view 
of the linear response theory for the "toy model" of piecewise expanding interval 
maps that we recently established in a series of papers [7| , [10] , [12] , [13] : Unimodal 
piecewise expanding interval maps ft have a unique SRB measure, whose density 
(j)t is a function of bounded variation (since (jj^ is a measure, the situation is much 
easier than for smooth unimodal maps). In [7], [10], we showed that Keller's [25] 
tlogt modulus of continuity was optimal (see also [31]): In fact, there exist smooth 
families ft so that 1 1-^ fit is not Lipschitz (all sequences t„ — >■ so that the critical 
point is not periodic under ft^ are allowed), even when viewed as a distribution of 
arbitrarily high order, and even in the sense of Whitney. Such counter-examples ft 
are transversal to the topological class of fo- If, on the contrary, the family ft is 
tangent at i = to the topological class of fo (we say that ft is horizontal) then 
([lOj. |12j ) we proved that the map 1 1-^ fit is differentiablc for the weak ^-topology. 
The series for '^a{^) may diverge (for the preperiodic case, see [T] §5]), but can 
be resummcd under the horizontality condition [7], |10j . This gives an explicit 
linear response formula. In fact, the susceptibility function ^'a(^) is holomorphic 
in the open unit disc, and, under a condition slightly stronger than horizontality, 
dt J Adfit\t=o is the Abel limit of ^'a(-z) as z — > 1. 

Worrying about lack of differentiability of the SRB measure is not just a math- 
ematician's pedantry: Indeed, this phenomenon can be observed numerically, for 
example in the guise of fractal transport coefficients. We refer, e.g., to the work 
of Keller et al. [27] (see also references therein), who obtained a t ln(i) modulus of 
continuity compatible with the results of |25| . for drift and diffusion coefficients of 
models related to those analysed in [TU] . 

Let us move on now to the topic of the present work, linear response for smooth 
unimodal interval maps: Ruelle recently obtained a linear response formula for 
real analytic families of analytic unimodal maps of Misiurewiez type |48| . that is, 
assuming inf^ |/'^(c) — c| > 0, a nongencric condition which implies the existence 
of a hyperbolic Cantor set. (Again, this linear response formula can be viewed as 
a resummation of the generally divergent series ^1*^(1).) In [11], we showed that 
t 1-^ fit is real analytic in the weak sense for complex analytic families of Collet- 
Eckmann quadratic-like maps (the - very rigid - holomorphicity assumption allowed 
us to use tools from complex analysis). Both these recent results are for families 
ft in the conjugacy class of a single (analytic) unimodal map, and the assumptions 
were somewhat ungeneric. 

The main result of the present work, Theorem 12. 131 is a linear response formula 
for families i i-> /t of unimodal maps with quadratic critical points satisfy- 
ing the so-called topological slow recurrence (TSR) condition (|50).[5^.|31j. see (O 
below). (We assume that the maps have negative Schwarzian and are symmetric, 
to limit technicalities, and we only consider infinite postcritical orbits, since the 
preperiodic case is much easier.) The topological slow recurrence condition is much 
weaker than Misiurewiez, so that we give a new proof of Ruelle's result [48] in the 
symmetric infinite postcritical case (this may shed light on the informal study in 
§17 there). Topological slow recurrence implies the well-known Benedicks-Carleson 



^The regularity is only used to get regularity in Proposition 14.111 and Lemma l4.12l and 
one can perhaps weaken this to C'^^"''. 
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and Collet-Eckmann conditions. Furthermore, the work of Tsujii j52j and Avila- 
Moreira [6] gives that real-analytic uniniodal maps with a quadratic critical point 
satisfying the TSR condition are measure-theoretical generic among non regular 
parameter in non trivial real-analytic families unimodal maps. (See Remark 12.31 ) 
If all maps in a family of unimodal maps ft satisfy the topological slow recurrence 
condition then [54] this family is a deformation, that is, the family {/t} lies entirely 
in the topological class of /o (there exist homeomorphisms ht such that ht{c) = c 
and ht o ffj ^ ft o ht). In particular, horizontality holds. 

We next briefly discuss a few new ingredients of our arguments, as well as a 
couple of additional results we obtained along the way. A first remark is that we 
need uniformity of the hyperbolicity constants of ft for all small t. We deduce 
this uniformity from previous work of Nowicki, making use of the TSR assumption 
(Section E]). 

When one moves the parameter t, the orbit of the critical point also moves, and 
so do the spikes. Therefore, in order to understand dtfJ-t^ we need upper bounds on 

dtCk,t\t=o = dtft{c)\t=o = dtht{f^{c))\t^o = dtht{ckfl)\t=o , 

uniformly in fc. It is not very difficult to show (Lemma 12.101 see also Proposi- 
tion [5?TS1) that dtCk,t\t=Q = a(cfc,o) if o: solves the twisted cohomological equation 
(TCE) for V = dtft\t=o, given by, 

u = a o /o + /o • a , a{c) = . 

(Such a function a is called an infinitesimal conjugacy.) In fact, we prove in The- 
orem [2]4] that if fo is Benedicks-Carleson and v satisfies a horizontality condition 
for fo, then the TCE above has a unique solution a. In addition, a is continuous. 

In the case of piecewise expanding maps on the interval, the invariant density 
is a fixed point of a Perron-Frobenius type transfer operator Ct in an appropriate 
space, where 1 is a simple isolated eigenvalue. So if we are able to verify some 
(weak) smoothness in the family t Ct, then we can show (weak) differentiability 
of jjLt by using perturbation theory. (We may use different norms in the range and 
the domain, in the spirit of Lasota-Yorke or Doeblin-Fortet inequalities.) This is, 
roughly speaking, what was done in [10] and [13] (as already mentioned, a serious 
additional difficulty in the presence of critical points, which had to be overcome 
even in the toy model, is the absence of a spectral gap on a space containing 
the derivative of the invariant density). For Collet-Eckmann unimodal maps ft, 
however, an inducing procedure or a tower construction ([29], [57], [58]) is needed 
to obtain good spectral properties for the transfer operator and to properly analyse 
the density 0t, even for a single map. 

We use the tower construction from [Tl], under a Benedicks-Carleson assumption. 
However, when we consider a one- parameter family of maps /(, the phase space of 
the tower moves with t. To compare the operators for ft and fo, it is convenient 
to work with a finite part of the tower, the height of which goes exponentially to 
infinity as t — > 0. (We use results of Keller and Liverani [28] to control the spectrum 
of the truncated operator.) The uniform boundedness of a{ck) is instrumental in 
working with such truncated towers and operators. In fact, the tower construction 
in [14] also has a key role in the proof of boundedness for a: The natural candidate 
for the solution is a divergent series, but, under the horizontality condition, we 
devise a dynamical resummation (the mantra being: "don't perform a partial sum 
for the series while you are climbing the tower, unless you are ready to fall"). 
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The tower from [TJ has a drawback: The orbits of the edges of the tower levels 
apparently create "artificial discontinuities" in the functions. To eliminate these 
potential discontinuities, we modify the construction of the Banach spaces and 
transfer operators on the towers by introducing smooth cutoff functions (called 
S,k below, see Section |4]). As a consequence, we obtain a new expression for the 
invariant density of a Benedicks-Carleson unimodal map fProposition l2.7| ). in terms 
of a single smooth function and of the dynamics. 

We would like to list now a few directions for further work. Several of them can 
be explored by exploiting the techniques developed in the present article (see [8] 
for other open problems): 

• In the setting of the present paper, e.g., can one show that 9t/it(A)|t=o is a 
resummation of the divergent series "i! j^{z) at z = 17 (Presumably, a dynamical 
resummation is possible, maybe using the operator 'P{4') = "0 ° / dual to C acting 
on dual Banach spaces, and using, e.g., the proof of the main result in |22].) Can 
one get an Abelian limit along the real axis? The radius of convergence of '^a{z) 
is strictly smaller than 1 in general. There appears to be an essential boundary, 
except in the subhyperbolic cases when the critical point is preperiodic. Analytic 
continuation in the usual sense is thus probably not available, some kind of Borel 
or Abelian continuation seems necessary. (In subhyperbolic cases "^a^z) is mcro- 
morphic, and horizontality very likely implies vanishing of the residue of the pole 
in [0,1].) 

• Can one replace the topological slow recurrence condition on /o by Benedicks- 
Carleson, CoUet-Eckmann, or possibly just a summability condition on the inverse 
of the postcritical derivative (see [40] and [E]), and still get differentiability of 
t M- /it, as a distribution of order 1, at t = 0? 

• If ft is a smooth family of quadratic unimodal maps, with /o a good map 
(summable, or Collet-Eckmann, or Benedicks-Carleson, or TSR), and ii v ~ dft\t=o 
is horizontal for /o, that is, (fTOl) holds 0, is t n- diffcrentiable, as a distribution 
of order 1, in the sense of Whitney, at t = 0? 

• If ft is a smooth (possibly transversal, that is, not horizontal) family of qua- 
dratic unimodal maps, with /o a good map, is i i— > always r-Holder in the sense 
of Whitney for r G (0, 1/2) at i = 0? Which is the strongest topology one can use 
in the image? (Possibly, one could show Holder continuity in the sense of Whitney 
of the Lyapunov exponent.) 

• Can one construct a (non-horizontal) smooth family ft of quadratic unimodal 
maps, with /o a good map, so that i i— > /it, as a distribution of any order, is not 
diffcrentiable (even in the sense of Whitney, at least for large subsets) at i = 0? So 
that it is not Holder for any exponent > 1/2? 

• What about Hcnon-likc maps? Note that even the formula defining horizon- 
tality is not available in this case, see [8] (Numerical results of Cessac [18] indicate 
that ^'^(2) has a singularity in the interior of the unit disc. In view of the above 
discussion, we expect that this singularity is not an isolated pole in general.) 

• The dynamical zeta function associated to a Collet-Eckmann map / and de- 
scribing part of the spectrum of C was studied by Keller and Nowicki |29| . Can one 

^Perturbation theory of isolated eigenvalues cannot be used if there is no spectral gap, but 
the analysis in Hairer-Majda 1221 . e.g., indicates that existence of the resolvent (id — C)^^ (up to 
replacing C hy V ii necessary) should be enough. 

■^By [5], we can heuristically view ft as tangent to the topological class of /q. 
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study the analytic properties of a dynamical determinant for C in the spirit of what 
was done for subhyperbohc analytic maps [^? (Analyticity would hold only in a 
disc of finite radius, and the correcting rational factor from [S] Theorem B] would 
be replaced by an infinite product, corresponding to the essential boundary of con- 
vergence within this disc.) Can one find and describe a dynamical determinant 
playing for a{z) the part that C plays for the Fourier transform of the correlation 
function of the SRB measure of /? (See [7] for piecewise expanding interval maps.) 

The structure of paper is as follows. In Section [2J we give precise definitions 
and state our main results formally. Section [3] is devoted to the proof (by dy- 
namical resummation) that horizontality implies that the TCE has a continuous 
solution a (Theorem 1 2. 4p . In particular, we recall in Subsection 13.11 the construc- 
tion of the tower map f : I ^ I from [T4j which will be used in later sections. We 
also show (Subsection 13. 5p that the formal candidate for a diverges at countably 
many points (Proposition 12. 5|) . In Section SI we revisit the tower construction, 
introducing Banach spaces and a transfer operator C involving the smooth cut- 
off functions discussed above. In particular, Proposition 14.111 which immediately 
implies our new expression for the invariant density (Proposition 12. 7|) , is proved 
in Subsection 14.11 Also, we study truncations Cm on finite parts of the tower in 
Subsection 14.21 Uniformity in t of the hyperbolicity constants of ft involved in the 
construction of Sections [3] and IH is the topic of Section \5\ the main result of which 
is Lemma 15.81 (proved by exploiting previous work of Nowicki) . Finally, our linear 
response result, Theorem 1 2. 131 is proved in Section [6l The argument borrows some 
ideas from |10] . but their implementation required several nontrivial innovations, as 
explained above. The three appendices contain proofs of a more technical nature. 

2. Formal statement of our results 

2.1. Collet-Eckmann, Benedicks-Carleson, and topologically slowly re- 
current (TSR) unimodal maps. We start by formally defining the classes of 
maps that we shall consider. Note that we shall sometimes write [a, b] with b < a 
to represent [b,a]. Another frequent abuse of notation is that we sometimes use 
C > to denote different (uniform) constants in the same formula. 

Let / = [—1,1]. We say that / is S-unimodal if / : / ^ / is a C'^ map with nega- 
tive Schwarzian derivative such that /(—I) = /(I) = —1, /'|[-i,o) > Oj /'l(o,i] < Oi 
and /"(O) < (i.e., we only consider the quadratic case). The following notation 
will be convenient throughout: For A: > 1, we let J_|_ be the monotonicity interval 
of containing c and to the right of c, J_ be the monotonicity interval of f'^ 
containing c and to the left of c, and we put 

(1) n' :={f%X'^ fl'':={nj^)-'. 

Remark 2.1. It is likely that the negative Schwarzian derivative assumption is 
not needed for our results, see |30| . Note however that we cannot apply trivially 
the work of Graczyk-Sands-Swi§,tek [3T] to study linear response: If ft is a one- 
parameter family of unimodal maps, the smooth changes of coordinates which 
make their Schwarzian derivative negative will depend on t, and this dependency 
will require a precise study. In view of keeping the length of this paper within 
reasonable bounds, we refrained from considering the more general case. 
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Let c = be the critical point of /, and put Ck = /''(c) for all k > 0. We say 
that an S'-unimodal map / is (Ac, Ho)-Collet-Eckmann ( CE) if Ac > 1, Hq > 1, and 

(2) |(/'')'(/(c))|>A^ yk>Ho. 

All periodic orbits of Collet-Eckmann maps are repelling, and [321 Theorem B] 
gives that for any unimodal (or multimodal) map without periodic attractors 
there exists 7 > so that |/"(c) — c| > e"'''" for all large enough n. Benedicks 
and Carleson [15] showed that 5-unimodal Collet-Eckmann maps which satisfy the 
following Benedicks- Carleson assumption 

(3) 30 < 7 < so that |/'=(c) -c| > e-'^\ Vfc > Fq 

form a positive measure set of parameters of non degenerate families. The Be- 
nedicks-Carleson assumption will suffice for some of our results, sometimes up to 
replacing 4 in the denominator by a larger constant. 

A stronger condition, topologically slow recurrence (TSR) , will allow us to obtain 
linear response. To define TSR, we shall use the following auxiliary sequence: Let 
/ be an S'-unimodal map whose critical point is not preperiodic. The itinerary of 
a point X £ I is the sequence sgn(/*(x)) G {—1,0, 1}. We put 

(4) Rfix) := min{j | sgn(/J"(c)) ^ sgn(/^(x)), j > 1} . 

We say that an S'-unimodal map / with non preperiodic critical point satisfies 
the topological slow recurrence (TSR) condition if 

(5) lim lim sup- V i?/(/^ (c)) = . 

l<j<n 
Rfir{c))>m 

It follows from the definition that any S-unimodal map topologically conjugated 
with a map / satisfying TSR also satisfies TSR. (Indeed, i?/(c„) = j if and only 
if P is a diffeomorphism on (c, c„) and c £ f^{c, c„).) We also have the much less 
trivial result below: 

Proposition 2.2 ([5D], [SS]. See also [HI])- An S-unimodal map f with non prepe- 
riodic critical point satisfies the TSR condition if and only if f is a Collet-Eckmann 
map and 

(6) lim hminfi V log |/'(/^(c))H . 

77^0+ n-s-oo n ^ — ' 
1<J<" 

/^(C)-C|<T) 

In Section [SJ we shall prove that TSR implies Collet-Eckmann and Benedicks- 
Carleson-type conditions, uniformly in a subset of small enough diameter of a 
topological class. 

Remark 2.3 (TSR is generic). Avila and Moreira [J proved that for almost every 
parameter s in a non-degenerate analytic family of quadratic unimodal maps /s, 
the map fs is either regular or Collet-Eckmann with subexponential recurrence of 
its critical orbit (i.e., for every 7 > 0, there is Hq so that \ck — c\> exp(— 7/2) for all 
k > Hq)- (Non-degenerate, or transversal, means that the family is not contained 
in a topological class.) Tsujii [52| had previously proved that the set of Collet- 
Eckmann and subexponentially recurrent parameters s in a transversal family fs 
of S-unimodal maps has positive Lebesgue measure. By combining the results of 
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Avila and Moreira [4] and Tsujii [52l, we can see that TSR is a generic condition: 
In a nondegenerate analytic family fs of S'-unimodal maps, almost every parameter 
is cither regular or TSR. 

2.2. Boundedness and continuity of the infinitesimal conjugacy a. Let / 

be an S'-unimodal Collet-Eckmann map, and let w : / — > C be bounded. We want 
to find a bounded solution a : / — > C of the twisted cohomological equation (TCE): 

(7) v{x)=a{f{x))~ f'{x)a{x)yx€l. 

By analogy with the piecewise expanding unimodal case (that we studied in 
previous works [TO], [H]), a candidate acand for the solution a of ([7]) is defined, for 
those a; G / so that f^{x) ^ c for all j > 0, by the formal series 

(8) acandix) = - 2^ {p + ^y{x) ' 

and, for those .t e / so that there exists j > with f^{x) = c, but f^{x) ^ c for 
< £ < — 1, by the sum 

v{fix)) 



(9) acand{x)=-^ 



if+^nx) 



(In particular, acond(c) = 0.) Clearly, the series ([U converges absolutely at every 
point X for which the Lyapunov exponent 

A(x) = hm \og\{P)'{x)\''^ 

is well-defined and strictly positive. In particular, ([5]) converges absolutely for x in 
the forward orbit {ck, fc > 1} of the critical point of the Collet-Eckmann S-unimodal 
map /, and also on the set of its preperiodic points. 
We say that v satisfies the horizontality condition if 

(note that the right-hand-side of the above identity is just acand{ci))- If v sat- 
isfies the horizontality, then it is easy to see that whenever the formal series (|8]) 
for acand{x) convcrges absolutely, then the corresponding series acand{f{x)) also 
converges absolutely, and acand satisfies the twisted cohomological equation ([7]) at 
X. Violation of horizontality (that is, v{c) ^ Qfcand(ci)) is a transversality condi- 
tion which has been used for a long time in one-parameter families ft of smooth 
unimodal maps with v{x) = dtft\t=o (see, e.g., [51] for the transversality condition, 
see [52] for the transversality condition expressed as a postscritical sum, see, e.g., 
[T^ §5] for the link between the two expressions, see [S] for a recent occurrence, 
and see [48] for its use in linear response). 

Nowicki and van Strien |40| showed that the absolutely continuous invariant 
probability measure of a quadratic Collet-Eckmann map satisfies 

^l{A) < Cm{Ay/\ 

where m is the Lebesgue measure. In particular log|/'| is /i-integrable, and for 
Lebesgue almost every point x the Lyapunov exponent A(x) is well-defined and 
positive and coincides with /log|/'| dfj, (see Keller [26]). So the series acand{x) 
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converges absolutely at Lebesgue almost every point x, and if v is horizontal then 
dcand satisfies the TCE ([7]) along the forward orbit of each such good x. However 
it is not clear a priori that there exists an upper bound for |acand(a;)| on the set 
where acand{x) converges absolutely (for example, Ck may be very close to c). 

One can ask whether the formal series acand{x) converges everywhere. We shall 
show in Proposition 12.51 that for fairly general v (sec Remark I2.6|) . the scries ([8]) 
for acand{x) divcrgcs on a uncountable and dense subset (this set has Lebesgue 
measure zero, however, by the observations in the previous paragraph). This lack 
of convergence is a new phenomenon with respect to jlOj . |12] . In order to prove 
that the TCE nevertheless has a bounded solution in the horizontal case, we shall 
make a Benedicks-Carleson assumption ([3]) on /, and we shall group the terms of the 
formal series acand{x) to obtain an absolutely convergent series. The resummation 
procedure depends on x through its dynamics with respect to an induced map on 
the tower introduced in [14j . using strong expansion properties available in the 
Benedicks-Carleson case. This dynamical resummation will allow us to prove our 
first main result: 

Theorem 2.4 (Boundcdness and continuity of a). Assume that f is a (XcHq)- 
Collet-Eckmann S-unimodal map satisfying the Benedicks-Carleson condition ([3]). 

For any bounded function v : I <C, if the TCE ([7]) admits a bounded solution 
a : / — > C with a{c) = 0, then this solution is unique and v satisfies the horizontality 
condition ()10|) . 

Let X : I <C be Lipschitz, and let v = X o f . If v satisfies the horizontality 
condition (jlOp . then there exists a continuous function a : I ^ C with a{c) = 
solving the TCE ([7]). In addition, a{x) = acand{x) for all x so that f-'{x) = c for 
some j > 0, or so that the infinite series acand{x) in (jH]) converges absolutely. 

The condition v = X o f can be weakened but the term fc = of (/) in (|47)) in 
the proof of Proposition 13.91 shows that we need something like v'{c) = 0. (If we 
allowed f"{c) = 0, then we would need v"{c) = 0, etc.) 

We do not know whether Theorem 12 .41 holds for all S'-unimodal Collet-Eckmann 
maps, i.e., whether the Benedicks-Carleson assumption is needed. In any case, 
we shall use the stronger, but still generic (recall Remark l2.3p . TSR assumption in 
Section[5]to show uniformity of the various hyperbolicity constants. This uniformity 
is required to prove linear response, the other main result of this paper. 

The proof of Theorem 12.41 is given in Section [3] and organised as follows: In 
Section [01 we recall the tower construction from Baladi and Viana [T3|. We study 
its properties in Section 13.21 which also contains two new (and key) estimates. 
Proposition 13.71 and its CoroUarv 13.81 In Section [3?3l we define a function a{x) 
by grouping the terms of the formal series ([8]) to obtain an absolutely convergent 
series (Definition 13.101 and Proposition 13. 9p . The resummation procedure for a{x) 
depends on the dynamics of x on the tower. Finally, in Section we complete the 
proof of Theorem 12.41 We show that a{x) is a continuous function, that it satisfies 
the TCE, and that if the TCE admits a bounded solution then it is unique. 

We end this section with a result on the lack of convergence of the formal power 
series for acandix) (recall that it converges at Lebesgue almost every x): 

Proposition 2.5. Let f be an S-unimodal map, with all its periodic points repelling 
and an infinite postcritical orbit. Let v be a function on I , with v'(c) — 0, such 
that v{f^"{c)) 7^ for some iq- Let S be the set of points x such that /"(x) ^ c for 
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every n > and so that the series acand{x) = — X^i^o diverges. Then for 

every non empty open set A <Z I , the intersection A H S contains a Cantor set. 

Remark 2.6. If / is a Collct-Eckmann map whose critical orbit is not prepcriodic, an 
open and dense set of horizontal vectors v satisfies the conditions of Proposition l2.5l 
Indeed, the set {v \ v{P{c)) = 0,V i} is a subspace of infinite codimension, and the 
subspace of horizontal directions v has codimension one. 

The proof of Proposition 12.51 is to be found in Section 13.51 

2.3. A new expression for the a.c.i.m. of a Benedicks-Carleson unimodal 
map. It is well-known that an 5-unimodal map which is CoUet-Eckmann admits an 
absolutely continuous invariant measure. The following expression for the invariant 
density of a Benedicks-Carleson unimodal map appears to be new. It is a byproduct 
of our proof, and follows immediately from Proposition 14.111 and the definitions in 
Section |4] (the case when the critical point is preperiodic can be obtained by a 
much more elementary proof). The remarkable feature of ([TT|) is that the defining 
function is smooth, and that the square-root singularities appear dynamically, 
through the inverse interatcs of / and their jacobians. 

Proposition 2.7. Let f be a {\c, Hq)- Collet- Eckmann S-unimodal map satisfying 
the Benedicks-Carleson condition (|90[). with c not preperiodic. If f is , then 
there exist 

• a function ipo : I ^ which belongs to the Sobolev space H^, 

• for each k> 1, neighbourhoods Vk C Wk of c~Q, so that /*' |i4'fcn[o,i] '"^'^ 
f'''\[-i,o]nWk are infective, 

• for each k > 1, a C°° function S,k '■ I ^ [0, 1], supported in Wk and = 1 on 

Vk, 

so that the density <j) of the unique absolutely continuous invariant probability mea- 
sure of f satisfies 

(11) m = M-)+f:^^j: ^^^j|p^x.(x)Vo(/rn.-)), 

where Xk = l[-i,Cfc] /'^ has a local maximum at c, while Xk = Ifc^.i] has a 

local minimum at c. 

The length of Wk must decay exponentially, but there is some flexibility in 
choosing the intervals Vk, Wk, and the functions S^k, sec Definition 14.71 for details, 
noting also the parameter S used in the construction of the tower. The function ipQ 
depends on these choices. 

By Lemma [4.11 which describes the nature of the singularities of |(/'^')'/^'^(a;)| 
on the support of ^k{f±''{x)), the expression for (j) belongs to LP{I) for all p < 2. 
In fact. Lemma [4.11 (sec also (l76l) ) implies that the invariant density of / can be 
written as 

k>i VF-Cfc| 

where the norms of the 0^ decay exponentially with k. (A slightly weaker 
version of this result, replacing differentiable by bounded variation, was first proved 
by L.S.Young [57]. Ruelle obtained a formula involving differentiable objects in the 
analytic Misiurewicz case [48], but his expression is somewhat less dynamical.) 
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2.4. Uniformity of hyperbolicity constants in deformations of slowly re- 
current maps. We shall study one-parameter families 1 ft oi S'-unimodal maps 
which stay in a topological class, i.e., deformations: 

Definition 2.8. (C deformations ft- Notations Vt, Xt, ht-) Let /:/—>■/ be an 
S'-unimodal CoUet-Eckmann map. For r > 1, a C one-parameter family through 
/ is a C map 

t^ ft, te [-e, e] , 

(taking the topology of endomorphisms of / in the image), with /o = /, and so 
that each ft is S'-unimodal. We use the notations: 

Cfe,t = ftic),k>l, Vs := dtft\t=s ,v = vo , Ck = Ck,o ■ 

A deformation of f is a C one-parameter family through / so that, in 
addition, for each \t\ < e, there exists a homeomorphism ht : I I with 

(12) hoix) EE X , and ftoht = htofQ,yte [~e, e] , 

andQ Vs = Xg o fs for each \s\ < e, with Xs : / M a function. (Wc write 
X = Xo.) 

Remark 2.9. If ft is a deformation then each Vs is horizontal. (This was proved by 
Tsujii [52].) 

Given Theorem 12.41 the next lemma is easy to prove. It is essential in our 
argument: 

Lemma 2.10. Let ft be a one-parameter family of Collet-Eckmann S-unimodal 
maps through f ~ fo- Assume that v is horizontal, that is, acandici) = ^'(c)- 
Then, we have for all k > 1 

,. Cfe t — Ck , s 

hm = acand{Ck) ■ 

i-s-O t 

If, in addition, ft is a deformation of fo then 

dtht{ck)\t=o = dcandick) = a{ck) , Vfc > 1 . 
Proof. Our assumptions ensure that for each fc > 1 the limit 

. N Cfe t — Cfe 

a(cfc) = lim 

t-^o t 

exists. Clearly, a(ci) = f (c)- More generally, it is easy to check that we have 

k-l 

a{ck) ^ ^(P)'(cfc_jXcfc_j_i) , 
j=o 

so that a satisfies the TCE ([7]). By the horizontality condition, this implies that 

a = Ucand on {Cfc}. 

The additional assumption that ft and fo are conjugated via ht implies that 
ht{ck) = Ck,t, for all t and all fc > 0. The last statement of Theorem 12.41 implies 
that acand{ck) = a(cfc). □ 

The following fact is an immediate consequence of van Strien's remark on "robust 
chaos" [531 Theorem 1.1], using the well-known fact that Collet-Eckmann maps do 
not have any attracting periodic orbit: 



■^This is mostly a technical assumption, sec also the remark after Theorem 12.41 
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Lemma 2.11. Let f : I ^ I be a S-unimodal (Ac,i^o) Collet- Eckmann map and 
let ft he a one-parameter family through f . If each ft is Collet- Eckmann for 
some parameters \c{t) and HQ(t), then ft is a deformation of f . 

In the other direction, ahhough topological invariance of the Collet-Eckmann 
condition is known, we do not know how to prove topological invariance of Be- 
nedicks-Carleson conditions ([3]) (or variants of the type ([TOI - ipO)) ). Since we also 
need uniformity of the various constants in the definitions, we shall work with 
the stronger, but still generic (see Remark l2.3p . assumption of topological slow 
recurrrence TSR (recall jS])). In Section (H assuming for simplicity that the maps 
are symmetric, we shall prove that if fg is a deformation of a TSR map fo 
then the various hyperbolicity constants of fs (that is Xdfs) and -ffo(/s), but also 
cr(/s), c/, ((5)"^, p{fs) from Subsection I3.2[ and, especially, j{fs)) are uniform in 
small s. We refer to Lemma [5.81 for a precise statement. Also, it will follow from 
Propositions O and O that (TSR) implies (CE) and (BeC). 

Uniformity of constants implies the following result, essential in many places in 
the proof of Theorem 12.131 

Lemma 2.12. Let ft be a deformation of symmetric S-unimodal maps so that 
/o enjoys topological slow recurrence TSR. Then there exist e > and L < oo so 
that 

(13) sup sup |as(a;)| < L , 

^ \s\<e 

and 

(14) \ck - Ck.tl < L\t\ Vfc>l, V|t|<e. 

Proof. We may assume that the critical point is not preperiodic. (If it is, the proof 
is much easier.) 

Denote by ag the continuous solution to the TCE given by Theorem 12 .41 applied 
to each fg (the assumptions of the theorem are satisfied because of Lemma [5T5|) . The 
proof of Proposition [37^ shows that for each fixed s the supremum sup^. |as(a;)| may 
be estimated in terms of c/^ {^)~'^ , sup \vs\, LipXs, {l—a{fs)~'^)^^, (1 — (p(/s))~^)~^, 
in the notation of Lemma 13.11 By Lemma 15. 8[ this implies ([T^ . 

Next, applying Lemma [2. 101 to each fg, we get 

lim '^'"'^ = ag{hg{c^}) = a,,(cfe.,,) • 

t->-o t 

In other words, t i~> ht{ck) is differentiable on [— e, e] (with e independent of fc), 
with derivative ag{ck,g). 

Then, for each k > 1 and each < e the mean value theorem gives s with 
\s\ < \t\ so that 

Ck.t-Ck ht{ck) - ho{ck) I . 
= ^ = (y-s\Ck,s) ■ 

□ 

2.5. Linear response. Our main result will be proved in Section [51 

Theorem 2.13 (Linear response and linear response formula). Let 77 > and let ft 
be a deformation of a C* S-unimodal map fo which satisfies TSR. Assume that 
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all maps ft are symmetric. Write fit ~ ipt dx for the unique absolutely continuous 
invariant probability of ft- Then, letting [C^{I))* be the dual of C^{I), the map 

(15) fite{C\l))* , te[-e,e] 
is differentiable. In addition, for any A E C^{I), 

(16) /^^ " ^ ° fs)dttit\t=s = A'X,^, dx , 



The formula p6)) is an easy consequence of the differentiabihty of ([T5|) , as was 
pointed out to us by Ruelle [41]. 

We next give an exphcit formula for dtfit\t=o i^'S choose t = for definiteness) . 



For this, we need further notation. Introduce Yk.s = limt^s ^^t-l' -^^"^ k > 1 (we 
write Yfc instead of Yfc,o)- Then Yi^s = Xsofs, Y2^s = + (/^ o fs)Xs o fs, and 

k 

(17) Y,,s = ° fs) ■X,ofl,k>l. 
Put (note the shift in indices!) 

(18) % = {Ys{x,k)=Yk+iAx),k>Q), Y = %. 

Referring to Section |4] for the definitions of A, £, </>, 11, and To, and summing (|133p 
and (|152p from the proof of Theorem l2.13[ we get 

AdtiJLt\t=o 

= - y A • n((id - C)-^To{C{Y^))' dx-xj A' ■ n((id - %){C{Y^))) dx . 

Using the definitions of £, 0, H, and To, the linear response formula above can 
be rewritten in terms of / and the functions i/jq, S,k and Xfe from Proposition 12.71 
The reader can then compare this rewriting to the expression in |48[ §17 and §18], 
obtained under the additional assumptions that /o is Misiurewicz and all the ft are 
real analytic. (See also Remark 12.141 below.) 
We next discuss (fT6|) . Using (|135p . we find 

{A-Aof)dtfit\t=a = f A'ToiC{Y^))dx-X /(A'-(Ao/)')-n((id-ro)£(y0))dy. 



By Theorem 1 2. 131 the right-hand-side above coincides with the expression (fTB|) . We 
sketch here a direct proof of this fact: The left-hand-side above being independent 
of the parameter 6 used in the construction of the tower (note however that 11, C, 
and (f) depend on 5), we can let (5 — > 0. 

We expect that, when 5 — )- 0, the function <j>o converges to cfi in the topology, 
and that for any continuous function B, on the one hand, we have 

(19) lim f B- n((id - To)iC(Y4,))) dy^O, 
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and on the other hand, using in particular ()136p and the facts that Yi = Xq o fo 

and C{(j)) = (j), we get 

(20) lim J B%{C{Y^))dx = j BX<j)dx. 

Remark 2.14. If C denotes the transfer operator defined on distributions v of order 
one by / ACv = J{Ao f)v, for all functions A, expression ([T5| can be written 
as a left inverse (both sides should be viewed as distributions of order one) 

(21) dtfit\t=o^ -{id -C)l\X(j>ydx. 
Indeed 

J{A-Aof)dtfit\t=o = J A{id-C)dtfit\t=o, 

and, in the sense of distributions (writing /i = /iq StS usual), 

J A'X(j)dx ^ - j A{X<j)y dx = - J AdWf,{X) dix . 

We next explain the heuristics of the connection with the susceptibility function. 
In situations where more information is available (such as smooth expanding circle 
maps), the following formal manipulations become licit (they are not licit in the 
present case of smooth unimodal maps, in particular the sum below diverges in 
general): 

/ A{id~ C)l^{X4)y dx^ I AY2c^{X(j)y dx 

/oo oo „ 

^ c^iiA o n{x<py) = - ^ / (A o n'xcj^dx , 



so that 



i=o j=o ' 



/oo 
Adtdtit\t=o = E / (Aopyxdfi = *^(i) 

We end this section with a result that we shall not need, but which is of inde- 
pendent interest (the proof is given in Appendix |A|) : 

Proposition 2.15 (The solution of the TCE is an infinitesimal conjugacy). Let 
i ^ ft be a deformation of the S-unimodal {Xc, Hq) Collet- Eckmann map fo- 
Assume furthermore that for each \t\ < e there exists a unique continuous function 
at on I which solves the TCE (O for v = Vt := dsfs\s=t md f ~ ft, and in 
addition that the family {at}\t\<e ofu continuous maps is equicontinuous. Then for 
each X G I the function t ^ ht{x) is , and 

dshs{x)\s=t = at{ht{x)) , e (-£, e) . 



Note also that, as (5 — > 0, the smallest level from which points may fall from the tower tends 
to infinity. 

''By compactness of / and [— e,e], continuity is equivalent to uniform continuity here. 
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Note that if each ft satisfies the Benedicks-Carleson assumption (jSj then The- 
orem 12.41 ensures that the TCE associated to ft and vt has a unique solution at , 
which is continuous (recall Remark l2.9|) . We expect that equicontinuity of the fam- 
ily at can be obtained, possibly under the topological slow recurrence condition 
TSR. 

3. Proof of Theorem 12.41 Boundedness and continuity of the 
solution a of the tce 

3.1. The tower map /, the times Si{x) and Ti{x), and the intervals Ij. 

Before recalling the tower construction from jll], we mention crucial expansion 
properties of CoUet-Eckmann maps which improve Q over |141 Lemma 1] : 

Lemma 3.1 (CoUet-Eckmann maps expansion). Let f be an S-unimodal {Xc,Ho)- 
Collet-Eckmann map. 

There exist a > 1 and C > and for every small S > there exists c{6) > C5 
such that 

(22) 1(f)' (a;) I > c{5)(j' ,yO<i<j,yx so that \f''{x)\ > J , VO < fc < j . 

For every 1 < p < \/X^ there exists Ci — Ci(p) £ (0, 1] and for each Sq > there 
exists S €z (0, (5o) such that 

(23) \{f^y{x)\ > Cip' , Vx so that \f'{x)\ >S,VO<i<j, \ f^{x)\ <5. 

In addition, we can assume that either ±S are preperiodic points, or that they have 
infinite orbits and that their Lyapunov exponents exist and are strictly positive. 

Remark 3.2. Except in remarks ([T9l) and ((20| . and, more importantly, in Re- 
mark |4]9] (which is used in Appendix |B|), we do not use that c{5) > C6, only 
that c{S) > if (5 > 0. 

Proof. By Theorem 7.7 in [35], there exist a > 1 and K > such that 
\if^yix)\>Ka^mm\f'{fHx))\. 

0<k<i 

Since \ f'iy)\ > K\y\ and \f''{x)\ > S ior k < j and i < j, we have (j^ . 

To prove (pS]). we use Proposition 3.2(6) in [37] which says that for every 1 < 

1/2 — 

p < Ac there exists C such that if {y) = c then 

(24) \ifn'{y)\>Cpi . 

By Theorem 3.2 in [33 and the Koebe lemma, there exist A' > and arbitrarily 
small 5 > such that the following holds: if |/*(a;)l > S ioi < i < j and 
|/"'(a;)| < S then there exists an interval J, with x G J, such that f^{J) = [—5,(5], 
f^ is a diffeomorphism on J, and 



The improvements are: The Benedicks-Carleson condition is not needed, the expansion factor 
p in I I23I I can be taken arbitrarily close to \/A7, and c{S) > C'\5\. The flexibility on p means we 
can take any p S (e^,e in Lemma 13. 51 This makes (|3]l sufflcient for Proposition 13.71 with 

no condition relating cr and 7. 
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Let y € J be such that f^{y) = c. By ([24]) and it follows that 

\ifnx)\>^p^. 

By the principal nest construction in [32] , we can choose 6 so that ±6 are preperiodic 
points, or ±S non preperiodic with A(±(^) well-defined and positive. □ 

We now recall the tower f : I ^ I associated in [TJ to a (Ac, i7o)-Collet Eckmann 
S'-unimodal map / satisfying the Benedicks-Carleson assumption (jS]). As the (so- 
called subhyperbolic) case of a finite postcritical orbit is much simpler, we shall 
assume in this construction that this orbit is infinite. Choose p so that 

(26) eT <p<e-''yAr, 
and fix @ two constants 

(27) ^7</3i </32<27. 

The tower I is the union / = Lik>oEk of levels Ek = Bk x {fc} satisfying the 
following properties: The ground floor interval Bq = [ao,6o] is just the interval /. 
For fc > 1, the interval Bk = [at, bk] is such that 

(28) [ck - e-^-\ck + e~P-^] C Bk d [ck - e-f'^^Ck + e~^^''] . 

(Observe that = c ^ for all fc > Hq.) Fix 6 > such that the Lyapunov expo- 
nents A(±(5) are well defined and strictly positive, so that both claims of Lemma l3T] 
hold (for our present choice of p), and small enough so that 

(29) \f^{x) -Cj\< min{|cj|e"'^^ e"'^"^} for aU 1 < j < Hq and \x\ < S . 

(Just after ([31]) . and later on, in Section [321 we may need to take a smaller choice 
of S still assuming that A(±(S) > and that both claim of Lemma [3 . 1 1 hold . ) 

We may assume that the Lyapunov exponents A(afc) > and A{bk) > for all fc, 
recalling that the set of points with a positive Lyapunov exponent has full Lebesgue 
measure. Let us write 

{0, ±S} U {a, \j>0}U {bj I J > 0} = {eo = c, ei = S, e-2 = -5, eg, . . .} . 

We may and do require additionally that 

(30) f^{ek) ^ Ck and f\ek) + f\ei) Vi, j > 1 , fc ^ £ > . 

(Indeed, ([30| is a co-countable set of conditions, while the set of points x with Lya- 
punov exponent h.(x) well defined and strictly positive has full Lebesgue measure, 
as recalled in Section 12.21 ) The positivity condition on the Lyapunov exponents 
A(efe) (fc 7^ 0) ensures that acand(efc) converges absolutely for each fc > 1, and this 
will be used in the proof of Theorem 12.41 
For (x, fc) G Ek we set 

r (/(x), fc + 1) if fc > 1 and f[x) e Bfc+i , 

(31) /(x, fc) = \ (fix), fc + 1) if fc = and x e [-S, S] , 

[(/(a;),0) otherwise. 



^Our lower bound on /3i is stronger than the one in |14) because we use some estimates in |55) . 
'^With respect to the definition in 1141 . note that we replaced (—5,5) by [—(5,(5], this is not 
essential but convenient, e.g. in I I77I1 . 
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Denoting tt : I I the projection to the first factor, we have / o tt = tt o / on /. 

Define H{6) to be the minimal k > 1 such that there exists some x E {—S, S) 
such that /'^+^(x,0) € Eq. By continuity, H{S) can be made arbitrarily large by 
choosing small enough 6, and we assume that H{S) > max{2, Hq). 

Having defined the tower /, we next introduce notations Ij, Ti{x) and Si{x) 
which will play a key part in the proof. We decompose {—5,5) \ {0} as a disjoint 
union of intervals 

(-5, 5) \ {0} = iJ,>HiS)I, , I J ^+ U /- , 

(32) If ■.^{\x\ < 5,±x > Oj'{x,0) e E,,0 < e < J, f ix,0) e En} . 

(Note that if can be empty for some j.) For any k > H{5) both sets := 

^H{5)<j<klf and JjT ^H(5)<j<klj are intervals. 

For each a; G / we next define inductively an infinite non decreasing sequence 

= S'o(x-) < ri(x-) < ^i(.t) < • • • < S,{x) < r,+i(x) < S,+iix) < . . . , 

with Si{x),Ti{x) e NU {cxj} as follows: Put Tq{x) = Soix) = for every x e I. Let 
i > 1 and assume recursively that Sj{x) and Tj(x) have been defined for j < i — 1. 
Then, we set (as usual, we put inf = oo) 

r,(a;)=inf{j>^,_i(a;) | \P{x)\<5}. 

If Ti{x) = oo for some i> I then we set Si{x) = oo. Otherwise, either /^'^^^(a;) = c, 
and then we put Si{x) ~ oo, or /^''^^(a;) G /j, for some j > H{5), and we put 
Siix)=Ti{x)+j. 

Note that if (x) < oo for some i > 1 then 

P(a;, 0) ^ £;o , T^^^) + 1 < .? < 5,(.t) - 1 , 

f'{x,0) € Eo , S,^i{x) < i <T,ix) . 

If ^^^(a;) = oo for iq > 1, minimal with this property, we have f^{x, 0) € £^0 for all 
i > S,„-i (that is, \fix)\> 5 for all £ > S,„^i). 

In other words, Tj is the beginning of the i-th bound period and S'i — 1 is the end 
of the i-th bound period, and if Si < T^+i then Si is the beginning of the i + 1-th 
free period (which ends when the i + 1-th bound period starts) . 

In order to give a meaning to some expressions below, e.g. when S'i = 00 or 
Ti = 00, we set 

Si - = if Si = T, = 00 , Tj - Si^i = if S^-i = T; = 00 , 
and, for all a; e /, we set (/°°)'(a;) :~ 00 and f°°{x) := c\. 

3.2. Properties of the tower map. After recalling in Proposition 13.31 and 
Lemma 13.41 some results of |14j , we shall state in Lemma 13.51 expansion and dis- 
torsion control properties of the tower map / (invoking Lemma 13.11 instead of |141 
Lemma 1]). Then wc shall prove two new estimates (Proposition 13 . 7l and its Corol- 
larv l3.8p which will play a key part in the resummation argument of Proposition l3.9l 
For the sake of completeness (wc shall use an estimate from the proof later on) , 
we first recall how to obtain distorsion bounds (see [T3] or [SSJ Lemma 5.3(1)]): 



Bound period refers to the fact that the orbit is bound, i.e., sufficiently exponentially close, 
to the postcritical orbit. 
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Lemma 3.3 (Bounded distortion in the bound period). Let f be an S -unimodal 
(Xc, Ho)-Collet-Eckmann map satisfying the Benedicks- Carles on condition ([3]), with 
non preperiodic critical point. Then, if 6 is small enough, there exists C > such 
that for every j > I, and every k < j — 1, recalling (|32p 

(33) < \[Py^\\ <C,yx,ye U, := /({c}U IJ /„) . 

Note that Uj is the set of points in {—5, 5) x {0} C Eq which cHmb at least up 
to level i — 1 before their first return to Eq. 

Proof. For l<(i<k<j — 1, pick and in Um>j{f^[Im)) C B^. We have 

oo 

(34) <[](l + CCsup|/"|e-''^0<oo, 

e=i 

uniformly in m > j. We used that \xi — ye\ < e~^^^ and, if £ > Hq, that \yi\ > 
e~'^^ — e~^'^^ with /3i > 37/2, but any summable condition would be enough here. 
If we choose ye — f^^'^iy) and xe = f^~^{x) we get the upper bound in (p4|) . If we 
pick ye = f^~^{x) and xe — f^~^{y) then we obtain the lower bound in ([34|) . □ 

The following upper and lower bounds from |14j . about points which climb for 
exactly j — 1 steps, will be used several times: 

Lemma 3.4 (The j-bound intervals I^). Let f be an S-unimodal (Xc, HQ)-Collet- 
Eckmann map satisfying the Benedicks- Carles on condition (jSj and with non prepe- 
riodic critical point. Then there exist C and C2 so that for any j > H{5), recalling 
(|32|) . we have 

(35) |x-c| <Ce"'^|(/^"-2)'(ci)|-i/2, Vxe/,, 
and 

(36) |(/^-)'(x)| > C2e-^|(/^--i)'(ci)r2 , Vx e /, , 
and, finally, 

(37) \f'{x)\ > C-ie-^^"|(/^-i)'(ci)|-i/2 , V:r G /, . 

Proof. If Ij is empty, there is nothing to prove. Otherwise, our definitions and the 
mean value theorem imply that there exists y with f{y) e [f{x),ci] so that 

l(/^-')'(/(2/))ll/(^)-ci| <Ce-^^(^-i). 

Therefore, since f3i > 87/2 (recall ((27)) ) the lower bound in (|33|) and the fact that 
|/(a;) - cil > C-i|x - yield (gSl)- 

The bound ^ follows from [H (3.10), Proof of Lemma 2] (see top of p. 495 
there, or see [SHI Lemma 5.3, eq. after (5.15)]). 

For (1371), use (IMl) and that /32 < 27 from □ 

Recall the times Si, Ti from Subsection 13. 1[ for suitably small 5. The following 
lemma gives expansion at the end of the free period Ti — 1 (just before climbing the 
tower), at the end 5*^ — 1 of the bound period (after falling from the tower), and 
during the free period (when staying at level zero): 
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Lemma 3.5 (Tower expansion for Benedicks-Carleson maps). Let f be an S- 
unimodal (Xc, Ho)-Collet-Eckmann map satisfying the Benedicks-Carleson condi- 
tion ([3]), with non preperiodic critical point, and let p satisfy (|26p . For every small 
enough 6q > 0, if S < do, u > 1, Ci = Ci{p) € (0,1], and c{5) > are as in 
Lemma \3.1[ letting Si{x) and Ti{x) he the times associated to the tower for 5, then 

(38) |(/^'(^))'(a;)|>p^'(-), |(/^'(^))'(x)| >Cip^'(-), Vxe/, Vz>0, 
and 

\[fS^{^)+r)'{x)\ > c((5)p^'(^V^' , Vx e / , Vi > 0, VO < J < T,+i{x) - S,ix) . 

Remark 3.6. An immediate consequence of Lemma [3. 5 1 is that, for every x such that 
/"(x) 7^ c, for every n, we have hmsup„ | (./")' (a;) |^^" > C > Ij where ^ = min(p, a). 



Proof of Lemma \3.5[ The lemma will easily follow from Lemma 13.11 and p6p from 
Lemma 13.41 

Choose S < Sq as in the second claim of Lemma 13.11 small enough so that 

C1C2 -e-^Ac^ > p^ yj>H{S). 
Let now x G I. Recall that for any £ > 1, the definitions imply fSe-iix)+kf^^^ ^ 
/\[-5,(5] for alio < fc < Ti,{x)~Se-i{x) and /"^'(^'(x) S Ij with j = Se{x)-Te{x) > 
H{5). Therefore, the second claim of Lemma [3. II and (pB]) give for alH > 

i 

|(/S.)'(a;)| = Yl |(/^'(")-^^("))'(/^'(")a;)||(/^*(")-^^-i("))'(/^'-i(")a;)| > p^'^") , 
and 

|(/^.)'(.x)| = |(/^'(-)-^'-(-))'(/^--(-)x)||(/^')'(^)l > Cip^'(-)-^'(-)p^'(-) . 
Using in addition the first claim of Lemma [3Tl we get, for < j < Ti^i{x) — Si{x), 
|(/^'(-)+^)'(x)| = \{fn'{f'^''Hm{f'n^)\ > c(<5)a^p^'(-). 

□ 

The information on the tower will allow us to prove the next proposition, which 
is a crucial ingredient to show that acand can be resummed to a bounded function 
(Proposition 13.91 and Definition IB.lOp : 

Proposition 3.7 (Key estimate for Benedicks Carleson maps). Let f be an S- 

unimodal {Xc, Ho)-Collet-Eckmann map satisfying the Benedicks-Carleson condi- 
tion ^ , with non preperiodic critical point. There exists C > such that for every 
j > we have 

00 

The proof shows that C — 0((c(5))~^), where S is the parameter used in the 
construction of the tower and c{d) is given by Lemma |3. II More importantly, the 
proposition implies that \acand{cj)\ < C svip\v\e^^ . This bound is of course not 
uniform in j, but it will act as a bootstrap for the proof of the Proposition 
which performs the resummation. 



^ ^Proposition [3T7l will also be used in an essential way in the proof of Theorem l2.13l in particular 
the proof of Lemma 14. II and also in Lemma 14. 121 
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Proof. Fix j > I. Since the coefficients of the series are ah positive, we may 
(and shall) group them in a convenient way, using the times Ti := Ti{cj+i) and 
Si :~ Si{cj^i) defined in the tower construction for a small enough S. We have 



E 

k=]+i 



1 



\ip~'npici))\ 



E 



1 



l(/^0'fe+i)l 



i=0 1^-' ' 3 

where we use the notation 



,^,_s.(/^'(c,+i)) + £ 



t l(/^')'(c,+i)| 



"S.-T.(/^*(Cj-+l)) , 



^(y) = E 



1 



(In particular uq = 0.) Since Ti^i — Si = Ti{f^'{cj^i)), Lemma 



implies 



UT,+i-S.. 



C 



c(<5)(l-a-i) 



(in particular the series converges if n = T^+i — Si ~ oo). Since /"(c) 7^ 0, the 
Benedicks-Carleson assumption ([3|) implies for all i 

|/'(/^'(c,+i))| = |/'(/^'+^(ci))| > C7-ie-^(^'+-'") . 

Therefore, the bounded distortion estimate in the proof of Lemma 13.31 gives, 
together with the Collet-Eckmann assumption, o 



^ 00 

-..-T.(r=(c,.0)<,^,(^..(^^.^^)),E 



c 



< 



C3 



By Lemma [33] we have |(/^0'(cj+i)| > Cp^' and |(/'^')'(ci+i)| > Cip^^. There- 
fore, there exists constants Ki{6), K2{S) so that 



(We used that p> .) 



y^p-^^+j:p-^'^'^^ 



i=0 



□ 



We end this section of preparations by a consequence of Proposition 13.71 which 
will also be needed in our resummation Proposition l3.9l 



Corollary 3.8. Let f be an S -unimodal {Xc, Hq)- Collet-Eckmann map satisfying 
the Benedicks-Carleson condition with non preperiodic critical point. Then 
there exists C so that for any j > I 



(40) 



1 



k=l 



1 



1 



i(/'^)'(ci)i \ipyif{^))\ 



l^The constant C above depends on [supj^<^^^^ Ac/|(P)'(ci)|^/-']^o. By Lemma [5^ this 
expression is uniform for suitable families ft- 
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Proof. For any j > I, x £ Ij, and 1 < k < j we get by using (p4l) from the proof of 
Lemma 13.31 that 

1 1 



imfix)) (/^)'(ci) 

k 



n=0 
k 



1 



nrvim /'(/"(ci)) 

l/"(y)l 



n 



1 



n 



1 



sup . , , .„ ui^j^ 

n-l 



n 



sup i(r)'(z)ii/(x)-cii 

-] 

1 A 1 



n 



L-^J/'(/'(ci)Ui„^, l/'(f(/(^)))l 

< C / x - ci > sup 

^!^e/"[/(=^),ci] 1/ (2/)l l(/'^)'(ci)| 



< 



C 



1 - e-T/2 



|/(x)-ci|^e^" 



n=0 



i(/^-")'(r(ci))i 



(In the last inequahty, we used that /"[/(-i;), ci] C -Bn+i, and that the Benedicks- 
Carleson assumption ([3]) imphes |y — c| > 6^'''^"+^^ — e^'^i("+^' for y e 
together with (|?7)) .) 

Therefore, for any j > 1 and a; G /j, since |/(a;) — ci| < C\x — c\'^, Proposition l3.7l 
imphes 

1 

f'(T\\ E 



(41) 



A:=0 



(/'^■)'(/(^)) (/'=)'(ci) 



<C|x-c|^^e^" 



1 



fe=0 n=0 
j-1 j-n-1 



|(/^-")'(/"(ci))| 
1 



n=0 

i-i 



'i=0 



l(/0'(/"(ci))| 



1 



1391 



ri=0 i=0 
J-1 



l(/0'(/"(ci))| 



37(j-l)/4 



n=0 



|(P-2)'(C1)|V2 



where we used (|35p from Lemma 13.41 in the last inequality. 



□ 



3.3. Resummation: Definition and boundedness of a for horizontal v. 

Proposition 13.91 is the heart of the proof of Theorem 12.41 This is where we define 
the dynamical resummation for the series ctcandi under a horizontality condition. 

Proposition 3.9 (Resummation). Let f be an S-unimodal {\c, Hq)- Collet- Eck- 
mann map satisfying the Benedicks- Carleson condition with non preperiodic 
critical point. Letv = Xof^ for X a Lipschitz function, and assume that v satisfies 
the horizontality condition (|10p for f. 
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// 6 is small enough, then for every x €z I , letting Ti = Ti{x) and Si = Si{x) be 
the times associated to the tower for S, the following series converges: 

where Woo{c) = grtriF^ 

Moreover the sum of the series (j42p is bounded uniformly in x I . 

The proposition allows us to give the following definition: 

Definition 3.10. We define a{x) for any a; e / by 

°° / 1 1 
(43) a(x) = - ^(^^^,5^u;5,_r^(/^^(a:)) + ^^^-y^^nJT,-s,^,if'-^ (x)) 

If the formal series ([5]) is absolutely convergent at x, then (|43p is just the sum 
of this series. If /■'(x) = c for some j > 0, minimal with this property, then 
our notation ensures that (|43|) is just the finite sum In both these cases, 

a{x) = acandix). 

Proof of Proposition \3.9l Choose S small enough, as in Lemma 13.51 and Ci (p) , 
(7 > 1, and c((5) from Lemma l3. II 

For any i > 1 so that ^i-i < oo, since Ti — Si-i = Ti{f^'-^{x)), Lemma E 
implies 

v{f{fS^-^{x))) 



\wT.-S.^Af'-'{^))\< E 

(44) < ..w.^ _i. sup|t;|, Vi>0. 

c((5)(l-cr 1) 

(Note that T!; = oo is allowed in the previous estimate.) 

If 5"^ = oo then either /"^'(.t) = c or Ti = oo, in both cases ws^-Tiif'^^ (,x)) = 0. 
Next, we claim that whenever 5^ 7^ oo, we have, 

27(S,-T,) 

(45) k5.-T,(/^'(x))| <Cmax{sup|z;|,LipX} ^^^g^_^^_^^,^^^^^^^^ ,V»>0. 



We shall prove pS]). which requires horizontality as well as the key Proposition l3.7l 
and its Corollarv 13.81 at the end of this proof. 

Putting together and and recalling Lemma [3.51 we find the following 
upper bound for (j42p : 



2^ '''P + ^T^TTiT "iax(sup |«|, LipX)- 



^ C(5)(l - a-1) ^'^^^ ' ' ^ Ci(p) "^-^--^ -^^^^^ |(/5.-T.-l),(c^)|l/2 ' 

Using again ([3]), we are done. 



^■^In particular, wc claim that Wniy) converges li n = Si — Ti = 00 and y = f'^' (x) ^ c, or if 
n = Ti- S,-i = 00 and 1/ = f^'--'{x). 
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It remains to prove (j45|). The definitions imply f'^'{x) G Ij for j — Si ~ Ti, for 
all i > 1. So it suffices to show that 



(46) 



^ C max(sup |v|, LipX) 



We shall use the decomposition 



1 



\f'iy)\ 



E 

I 



v{ck) 



1 



l/'(y)l 



fc=0 



(47) 



l/'(.)l to 



v{f^{y)) - v{ck) 



III 



We first consider /. By the horizontality condition ([TU]) for v, we have 



w(cfc) 



= 0. 



Therefore, ([57]) in Lemma 13.41 and Proposition 13.71 imply 



/ = 



1 



1 



w(Cfc) 



(48) 



l(P")'(ci)| 
<Ce^^|(/^-i)'(ci)|i/2 

< Csup 



- (/'=-^-)'(c,+i) 



l(.P")'(ci)| 



sup Pie ' 



l(p-^)'(ci)|i/^ 
Next, by Corollarv 13.81 we find 

1 

//<sup|^;|-— ^ 



(49) 



< C sup 



1 



fc=0 
g57j74 



|(p-2y(c0|i/2 ■ 

Recalling our assumption v = X o f ^ we consider now 



(50) 



/// 



1 

'T^E 



fe=0 



X{f+\y))-X{c,+,) 



in'iv) 



Since X is Lipschitz and / is C^, for any < fc < j — 1 there exists z between ci 
and f{y) so that 

(51) \X{f'^+\y)) X(/'=+i(c))| < Uj>{X)\f\f{y)) f\c^)\ 

<Lip(X)|/(y)-ci||(/^r(z)|. 
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Then (f5T|) , together with ([33]) from the proof of Lemma 13.31 (recaU k < j — 1 and 
y e Ij ), imply 



< LipX|/(y) - ci| sup 



<C7LipX|/(y)-ci| 
<CU^X\y~c\ sup |/'(z)|. 

Since \ f'{y)\ > C\y - c| and |/'(z)| < C|z - c|, the bound ([351) in Lemma [331 gives 
/// < C— f^LipXly - c| sup |/'(z)| < CjLipX sup \z - c\ 

1/ z(i[Q,y] ze[0,y] 

(52) <CjLipXe-^^|(/J-2)'(ci)|-i/2<CLipX- ^ 



|(p-2)'(ci)|V2 ■ 

Putting ([m, ([M]), and ([52]) together, we get ([46|). □ 

3.4. Proof of Theorem I2.4t Continuity of a and checking the TCE. We 

prove that Proposition 13.91 implies Theorem 12.41 



Proof of Theorem \2.4\ The so-called subhyperbolic case when the critical point is 
preperiodic is easier and left to the reader. For small enough S (recall Sections 13.11 
and l3.2p . we construct a tower map and associated times Ti(x) and Si{x). 

To show the uniqueness statement for bounded v, suppose that /3 : / — > C is a 
bounded function such that v~/3of — f - (3 on I. It is easy to see that for every 
X and n > 1 such that (/")'(a;) 7^ we have 

(53) B(x) - -T ^^^^ + 

If /"(x) 7^ c for every n, Remark 13.61 implies that limsup„ |(/")'(^)l — ^o that 
there existS riiix) — ?>i 00 with limfc |(/"*''^'')'(a;)| — 00. Since /3 is bounded, it 
follows from (l53l) that 



(54) /3(x) = -limy 



This proves that (3 is uniquely defined on {x \ /"(x) 7^ c,Vn}. In particular, 
/3(ci) = acand(ci), SO that V is horizontal (using the TCE, that /'(c) = 0, and that 
f3 is bounded). 

Now, if /*(a;) 7^ c for < i < n and /"(a;) = c, then ([SHj) and /3(c) give 

^ {r+^y{x) 

Therefore, I3{x) = acand{x). This ends the proof of uniqueness. 

From now on, we assume that v = X o f with X Lipschitz. If v is horizontal. 
Proposition [3]9| implies that the function a{x) defined by the series ([43)) is bounded 
uniformly in 2; G /. It remains to show that a is continuous and satisfies the TCE. 



14 



Note that if Tiix) < 00 for all i, wc can take ni{x) = Ti(x). 
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The definitions easily imply that for every x d I and alH > 1 the following limits 
exist: 

T+{x)^ lim r,(y), T' {x) = lim_Tj(?/). 

y—¥x~^ y^x 

Writing T^^ and for T^^{x) and Sf{x), define 
We claim that for every x €z I we have 

(56) lim a{y) = a'^ (x) , and lim a{y) — (x) . 



We shall show ([56| at the end of the proof of this theorem. 

Let now S be the set of a; € / so that there exists ^ > with f^{x,0) £ dE^ 
for some fc > 1, or /^(a;,0) = (±(5,0), or /^(a;,0) = (c,0). Clearly, if a; ^ 5, 
then S.,{x) = 5+(a;) = S'-(a;) and Ti{x) = 7^+ (a:) = T~{x), for every i > 1. 
Consequently a is continuous at x ^ 5. If a; e 5 but f^{x,Q) ^ (c, 0) for all 
£ > 0, then the conditions on {e^.} in Section [XT] imply that the series © converges 
absolutely at x. If /^(x, 0) = (c, 0) for some ^ > 0, then a(a;) is the finite sum 
([9]). Let now x £ S. The three series, or finite sums, which define ol{x), a^{x), 
and a~{x) are obtained by grouping together in different ways the terms of the 
absolutely convergent series ([8]), or of the sum Therefore, a{x) = a^{x) = 
a~{x), and (|56p implies that a is continuous at x. 

To show that a satisfies the twisted cohomological equation, note that if x is 
a repelling periodic point then f^{x) ^ c for all £, and the series (|8]) is absolutely 
convergent at x. Therefore, this series coincides with a{x). In particular one can 
easily check that v{x) = a{f{x)) — f'{x)a{x) for repelling periodic points x. Since 
all periodic points of a CoUet-Eckmann map are repelling, since the set of periodic 
points is dense, and since a is continuous, it follows that a satisfies the twisted 
cohomological equation everywhere. 

The fact that a{x) = acandix) for all x so that /-'(a;) = c or such that the series 
C(cand{x) couverges absolutely follows from the remark after Definition l3.10l 

It remains to prove (j56p . We shall consider the limit as y approaches x from 
above (the proof of the other one-sided limit is identical) . 

Before we start, note that for any e > 0, the uniform constants and exponential 
rates in the proof of Proposition 13.91 (see (|44p . where = oo is allowed, and (|T5|). 
dSS])) imply that there is no = no(e) > 1 such that for all a; G / 
(57) 

Fix x(zl, and let Tj = T,{x), Si = Siix), T+ = T+{x), S+ = S+{x). There are 
three cases to consider to prove (j56p when y 4 x. The first case occurs when Ti < oo 
and 5*^ < oo for every i. This means that the forward /-orbit of x never hits the 
critical point (c, 0) and never gets trapped inside the base Eq. Then observe that 
there exists ei > such that if x < y < x + ei then, for every i so that < uq, 
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we have Si{y) = , and for every i so that T^{x) < no, we have Ti{y) = . 
Clearly, for any no > 1, the function 

"(y) = ano(y) = - y 77F^r--«^5+-T+(/^^(2/)) 

is continuous on \x,x + ei). So for any e > there exists < 62 < ei (depending 
also on no) such that \i x < y < x + €2 then \a{y) — a(a;)| < e/2. Clearly, a.[x) 
is just the no-truncation of a^{x) while the observation above implies that oi{y) is 
the ng-truncation of oi{y). Thus, taking no(e) as in (j57p . we get that 

\a{y) - a^{x)\ < - a{x)\ + ^ < e , Vy G [x, a; + €2) . 

The second case occurs when the forward /-orbit of x gets trapped in the first 
level Eq. That is, there exists io>Q such that Si„ < 00 but Ti^+i^x) = 00. Then, 
for any no > 1, there exists ei > such that if .t < y < .t + ei then Si{y) = 5*^^ and 
Ti{y) = for every i < iq, and Tig^i{y) > uq- Clearly, the function 



i<io 



y T- Wc;+ rr+if'^Hy)) 



is continuous on [x,x + ei). Choose 62 < ei such that if x < y < x + £2 then 
\a{y) — ce{x)\ < e/4. Using again the uniformity of the estimates in the proof of 
Proposition 13.91 fin particular of the exponentially decaying term of the scries (|44p 
for i = id), it is easy to see that if uq is large enough then \a{y) — a^{x)\ < e for 
ye [x,x + e2). 

The third case occurs when P''{x,0) = (c, 0) for some io > 0. That is, there 
exists io > 1 such that Tig{x) < 00 but Si„{x) = 00, and a{x) is just a finite sum. 
(If a: = c then io = 1.) Then there exists 62 > such that if a; < y < x -I- £2 then 
Ti{y) = and S'i„i(y) = S^_i for every i < io, while Sig{y) > no- To finish, 
define 

^(y) = — T Wrp+ o+(/'^' (y)) — T uja+ rp+if'^i (y)) . 



and adapt the arguments from the first two cases. This ends the proof of (|56p and 
of Theorem [231 □ 



3.5. Divergence of the formal power series (Proposition [275]) . In this final 
subsection, we show that the formal power series acandix) diverges for many x. 

Proof of Proposition \8.5l It is enough to show that the set of points such that 
lim supj I (j^iyll) I > has the desired property. We shall build a decreasing se- 
quence of closed sets 
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where each connected component of /C„ is a closed interval with positive length, 
and a sequence of functions 

r„-|_i : {A I A connected comp. of /C„} ^{{1, . . . ,n + io}) , 

where 'P({1, • ■ • , "■}) stands for the family of all subsets of {1, . . . ,n + io}, with the 
following properties: 

i. If C is a connected component of /C„ and a; G C, then | | > 2 for 
every j € r„(C). 

ii. If C is a connected component of ICn, then /" is a diffeomorphism on C. 

iii. If Cn+i C Cn are connected components of ICn and /C„+i respectively, then 

r,i(c„) c r„+i(c„+i). 

iv. If Cn is a connected component of /C„, then there exists m > n such that 
IC,n has at least two connected components contained in C„. 

V. If a; G n„C„, where C„ is a connected component of /C„, then {a;} = n„C„ 
and lim„ #r„(C„) = oo. 
Note that (iv) and (v) imply that n„/C„ is a Cantor set. If a; e n„C„ then 

holds for every j G U„r„(C„). Due to (v), there are infinitely many j's. Denote 

0(c) = {a; e I I /'(a;) = c, for some i > 0} . 

Let /Co C A be a closed interval [a, 6], a b, with a,b ^ C'(c), and ro(/Co) = 0. 
Suppose that we have defined /C„. Let C be a connected component of /C„. If 
c ^ /"(C*) then C is the unique connected component of /C„+i which intersects C 
and r„+i(C) = r„(C). Otherwise, let a; G C be such that /"(a;) = c. Since c is the 
critical point we have (/"+*o+i)'(a;) = 0. Moreover (a;)) = v{P°{x)) ^ 0, so 

hm , ^ , ■ , , ,,, , = oo . 

Let e > be such that if < |y — a;| < e then y <^ C and 

Choose two closed disjoint intervals Ji and J2 with positive lengths, such that 
Ji U J2 C (a; - e, X + e) \ {a;} and 0(c) n 5( Ji U J2) = 0. Then Ji and J2 wiU be the 
unique connected components of /C„+i that intercept C and r„+i(Ji) = r„+i(J2) = 
r„(C) U {n + io}. Note that in this case r„+i(Ji) = r„+i(J2) ^ r„(C). 

Properties (i)-(iii) follow from the definition of /C„. To show (iv) and (v), con- 
sider Coo = n„C„, where the C„ are the connected components of /C„. The set Coo 
is either a closed interval of positive length or {x}. In the first case, in particular 
we have that /" is a diffeomorphism on Coo, for every n. This is not possible, since 
/ has neither wandering intervals nor periodic attractors. Furthermore, note that 
if lim„ #r„(C„) < 00, then there exists no such that r„(C„) = r„„(C„j,) for every 

^ 'T-Oi so by the construction of ICi this occurs only if /' is a diffeomorphism on 
C„Q for every i, which is not possible, as we saw above. The proof of (iv) is similar. 
If (iv) does not hold for certain Cno ■, then by the construction of K,i we have that 

is a diffeomorphism on Cna for every i, which contradicts the non-existence of 
wandering intervals and periodic attractors. □ 



28 



VIVIANE BALADI AND DANIEL SMANIA 



4. Transfer operators C and their spectra 

In this section, wc study a transfer operator associated to a Collet-Eckmann 
S'-unimodal map / satisfying the Benedicks-Carleson condition. More precisely, in 
Subsection 14. 1[ we introduce a Banach space B = oi smooth {Hi) functions (see 
Definition 14. 3p on the tower / defined in the previous section, maps H : B ^ L^{I) 
(see ((751) ). "^"^U as a transfer operator £ acting on B (Definition 14. 8p . We shall 
prove that £ has essential spectral radius strictly smaller than 1 (Proposition l4.10)) . 
and then (Proposition 14.11]) that 1 is a simple eigenvalue, and that the fixed point 
(/) of £ is such that n((?!)) is the invariant density of /. In Subsection [421 we present 
results of truncated versions of £, acting on finite parts of the tower. 

The methods in this section are inspired from |14| , but we would like to point out 
here that nontrivial modifications were needed in view of proving Theorem 12.131 
(See Remark 14.41 below for the comparison with [H]-) Also, the transfer operator 
we use here is slightly different from the one in [TJ: First, and this is the most 
original ingredient, we introduce a smooth cutoff function at each level on which 
there exist points which "fall" to the ground level; second, wc do not compose with 
the dynamics until wc fall (this strategy was used by L.S. Young in [57l, |58j). 
Finally, our Banach spaces B are not exactly the same as the space B used in [14]: 
The functions in B arc smooth and locally supported at each level (this is possible 
in view of the other two changes). These are the main new ideas in the present 
section, and they allow to circumscribe the effect of the discontinuities and square 
root singularities (called "spikes" in (481) to the maps 11 and IIj (see Step 3 in the 
proof of Theorem 12. 13|) . See also the comments after Definition 14.81 

4.1. Spectral gap for a transfer operator £ associated to the tov^fer map. 

Let / be a (Ac, 7Jo)-Collet-Eckmann 5-unimodal map, with a non prcpcriodic crit- 
ical point (the preperiodic case is easier and left to the reader) satisfying the 
Benedicks-Carleson condition (Wc shall need to strengthen the condition 

slightly later on, see (|70| . (|90l) . and also (|115|) .) We consider the tower map 
f : I ^ I from Section 13. 1[ for some small enough fixed 6. We shall not re- 
quire the fact that the Lyapunov exponents of ±6, or of the endpoints ak and bk of 
the tower levels Bk, are positive, and we remove o this assumption. (The positiv- 
ity of the exponents was useful only when proving that at is continuous, and one 
can use different towers for ft when studying a and when considering the transfer 
operator.) In particular, we may take for all k > Hq 

i3;.-[cfe-e-^^^Cfe + e-^l'^]. 

The following refinement of the estimates in Subsection l3 . 21 will play an important 
part in our argument (see ProDOsition l4.101 and — in view of ((751) — ProDOsition l4.11[ 
see also Step 2 in the proof of Theorem 12. 13p : 

Lemma 4.1. Let f be an S-unimodal (Xc, Hq)- Collet-Eckmann map satisfying the 
Benedicks-Carleson condition and with a non-preperiodic critical point. Then 
there exists C so that for any k > 1, we have 

(58) < C — , , Vx e TT(Ek n f'iEo)) . 

m'if^H^))\- \if'-'nci)\'/'VW^\' 



'^This additional freedom will also be used in Subsection 15.21 
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In addition, recalling the intervals Ik defined in ([32]) . we have for any k > H{5) 



(59) 

and 
(60) 



sup 



sup 



dx- 



1 



< c 



|(J.-l),(,^)|l/2 



l(/')'(/±'(^))l 



< cc 



l(/'-^)'(ci)|i/2 



Proof. Wc consider the case <r = +, the other case is identicaL Let us first show 
(fc-i). 



([58|. Putting z = f_^_ '{x), we decompose 
By Lemma 15751 the first factor can be estimated by 

(61) \if'-'yiz)\>c-'\if'-'yici)\. 

For the second factor, we have 

|/'(/^'(.t))|>C-1|/+'^(x)|. 
Put w ^ f{f^^{x)). Then, Lemma [33] and the mean value theorem imply 

'"-^^'-ci(/-)'(cor 

Next, noting that w E 7r(£'i n /(i?o)), we have 



\f+'{x)\ = \f^'M\>c~'VWi^\ 

(Just use that f{y) = ci + f"{c)y^ + f" {y)y^ for some \y\ < 5, if \y\ < 5.) The 
three previous inequalities give 



(62) 



\f'{f+''{x))\>C 



-1 VW^ 



Cfcl 



|(/'^-l)'(ci)|l/2 



Putting together and (IHH), we get ((55)) . 

To prove (I59p . we first note that there is C > 1 so that 



(63) 



\r{f{y))\ > C-^e-^^ ,yyeh,yi<j<k. 



Indeed, \ f^{y) - Cj \ < e~l^^^ and \cj - c| > e"'''' for j > Ho, with /3i > 37/2, and 
we assumed that / is with /'(c) = and /"(c) ^ 0. Next, Lemma [3?3l and 
Lemma 13.71 give C > so that 



(64) sup 



< 



< Ce'^J' , VI < j < fc - 1 . 



yJ.\ip-n'{Piy))\ - t',\iniP-'ici))\ 

Then, ([36)) from Lemma [374) gives 

(65) sup < C,~^eT"' , „ , VI < m < fe . 



yel\if"^ny)\ - ' l(/"-i)'(ci)|V2 



^*'The constant C depends on Hq, by Lemma l5.8l it will be uniform within our families ft- 



30 VIVIANE BALADI AND DANIEL SMANIA 



Applying ^ and ([Ml), we get C > so that 



sup d ' < sup V '(^^")^(^)' 
(aa^ ^ \nPiy))\ 1 ^^2^fc 

Finally, 

The first factor in (|67p is bounded by (p5)) for m = A;, the second by so that 
we have proved (|59p . 

To prove (pO)) . we start from the decomposition (|57)) . and we deduce from 
that for any x G f^{Ik); setting y = /^'^(x), 



'+ 

fc-1 



By ([5^1) . the first term in the right-hand-side is bounded by CeJ''^^\{j''~^)' {ci)\~^/'^ . 
For the second term, we have, for < j < fc — 1, 



\{p-')'{P{y))\\P{P{y))\ - \{Pnn\x))\ ''\{p-^)'{P{y))\\P{Pm 

Since / is C'^ , the Leibniz formula gives for < j < fc — 1 , 

1 _Q \P'{P{y))\ 



\{P)'{nHm \iP-'y{P{y))\\P{P{y))\ 

< W f"'(fHv))\\(P)'(v)\] 



(69) 

c 



< 



W-')\P{y))\ 



\r\P{y))\\{.P)'{y)\ , \P'{f{y)mf)\y)\ 
\P{P{y))\ 

1 .1 1 



l(/'=--'")'(P(y))n/'(/-'"(2/))l 



fe-l 



\{P)'{y)\ 



W)'{y)\ \P{P{y))\ 



If i > Ij we may apply (1551) . Then, (pU)) . together with (p5|) for m = fc — £ and ((M)) 
imply that 

1 \r\pm\ 



\ipyif+''{x))\ f^, '\iP-'yiPiympiPiy))\ 
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If j = 0, then ([69]) together with (|37| and (|65l) for m = imply (distinguish between 
^ = and ^ > 1) 

' -a, 



\iPnf+''i^))\ 'm'iy)\\f'iy)\ 



„37fc 

Putting the two above inequahties together with and (p5|) for m — k, we get 
dSOl). □ 



In view of the definition of our Banach space i3, we need further preparations. 
First, we assume from now on that / satisfies the foUowing strengthened Benedicks- 
Carleson condition: 

(70) 30 < 7 < ^^^^^"^ so that \f{c) - c| > e""^^ , > Hq . 

8 

Remark 4.2. In [14] we needed to assume that / was or symmetric (see the 
comments before [HI Lemma 5]) because of the more comphcatcd form of the 
cocycle used in the transfer operator there. 



In view of (|70p wc may choose A so that 

(71) 1< A < e'^ , and e^'^A < VA^ ■ 

It does not seem possible to work on spaces of sequences of functions ipk (when 
summing over critical inverse branches in the proof of Proposition 14.101 bounded 
distorsion would allow us to replace Hf'^)' {x)\~^ by the square root of the length 
of the corresponding monotonicity interval, instead of the length itself), and it will 
be convenient to work with Sobolev spaces: For integer r > 0, we recall that the 
generalised Sobolev norm of V' : ^ — > C is 

ll^ll^r = WMx)\\l^ . 

Compactly supported C°° functions are dense in i7[ for r > 1 (our functions will 
compactly supported in the interior of /). The Sobolev embedding in dimension 
one gives || • ||c" < C\\ ■ \\hI and || • ||ci < C|| • 11^2. 

Definition 4.3 (The main Banach space B = B"^). LetB = B"^ be the space of 
sequences tp = {tpk : I ^ C, k E Z+), so that each t/jk is in Hi and, in addition, 
supp(?/'o) C (-1, 1) , supp(7/>fc) C [-5, (5] , VI < fc < max(2, Hq) , 

(72) supp(Vfe) C nH,<j<kif+'iB,) U fyiB,)) , yk > max(2. Ho) , 
endowed with the norm 



k>Q 

Wc sometimes write ip^x^k) instead of ^^k{x). 

Remark 4.4. In contradistinction to the piecewise expanding case treated in |10) . 
or to the Misiurewicz and analytic case studied in [48], the postcritical data is not 
given here by a finite set of complex numbers for each Ck with k > 1: We need a 
full "germ" which is supported in a neighbourhood of c. Since wc shall later 
consider {ipkXk) ° f±'' (sec (|73p ). wc can view ip^ as the contribution in a one-sided 
neighbourhood of Ck- 
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Definition 4.5 (The projection 11). Define !!(?/;) for tp E B by 

(We set xo = 1- When the meaning is clear, we sometimes omit the factor Xk in 
the formula.) 

By ([58|) in Lemma \AA\ and our construction 0, setting [ck,dk] — Tr{EkC\ f'^{Eo)), 

I UfkSf-ki J M+\^))\ < CA^-A-^-/Vl4-Cfc|sup l^fel 

<C(AA-i/2e-37/4)fcsup|^^,|. 

Since A < \/A7, the above bound, and its analogue for the branch fz'^, imply that 
n(V') G L\I) for ijjeB. 

We shall need a weak norm, in order to write Lasota-Yorke inequalities. Set 

(74) ^(;(a;,fc)=A^ xe/,fc>0, 

and define v to be the nonnegative measure on Ufe>o{fc} x / whose density with 
respect to Lebesgue is w{x, k). 

Definition 4.6 (Space ('')). Let B^ = B^ '^"^ be the space of sequences '0 of 
functions ipk-, with the norm 

fc>0 

In order to define the transfer operator £, we next introduce smooth cutoff 
functions £_k- Recall the constants 87/2 < /?i < /32 < 27 from ([27]) and (f28l) . 



Definition 4.7 (The cutoff functions (k)- For each fc > 0, let : / -> [0,1] be 
a C°° function satisfying the following conditions: = 1 for those levels k from 
which no point falls to level and otherwise 

supp(^o) = [-(5,(5] , ^o|[_|,|] = l, 

N , I f-{k+l) 



k > H{5) 



rsupp(a) = f-^'+'^Bk+i) U fZ^'^'^Bk+i) 
y^k is unimodal. 



|t^2-(^o o /±^(a;))| < c{5) ^ for j = 1,2,3, and, finally, that /3i is close enough to 
87/2 and /32 is close enough to 27 so that for some C > 

(76) sup|9;J(6°/^''+''(x))| <Ce2^■^^ j = 1,2,3. 

Note that ^k{y) > if and only if f{f{y), k) e Bk+i x (fc + 1), and ^k{y) = 1 
implies that 7r/(/''(y), A:) e [c^+i - e~^-'^''+'^\ Ck+i + e-^'^C^+i)]. The low levels 
{k < H{S)) will be taken care of by the condition supp(-0i;) C [— (S, S]. 



^ ^Uniformity of C within our families is important here, it will follow from Lcmma l5.8l 
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Definition 4.8 (Transfer operator). The transfer operator £ is defined on B by 

[l^j>o,,e{+.-} ^ 

Some j-terms in the sum for {C^p){x,0) vanish, in particular, for aU 1 < j < Hq 
because of our choice of small S giving H{S) > Hq. 

As already mentioned in the beginning of this section, there are two differences 
between the present definition and the one used in [14]. First, £ does not act via the 
dynamics when climbing the tower, only when falling. Secondly, if < S,j{y) < 1, 
then y will contribute to both {C'4)){y,j + 1) and {C'ilj){f^~^^ (y), 0). In other words, 
the transfer operator just defined is associated to a multivalued (probabilistic-type) 
tower dynamics. For this multivalued dynamics, some points may fall from the 
tower a little earlier than they would for /. However, the conditions on the functions 
^fcS guarantee that they do not fall too early. More precisely, if we define "fuzzy" 
analogues of the intervals Ik from (|32l) as follows 

(78) Ik {x e / I Cfc(x) < 1 , e,(x) > ,V0 < j < fc} , 

then we can replace Ik by /j. in the previous estimates, in particular in Lemma |4. II 
Indeed, just observe that if a point "falls" according to our fuzzy dynamics, it would 
have fallen for some choice of intervals Bk so that 

[ck - e-f'-^Ck + e-^-''] C Bk C Bk . 

Remark 4.9. The intervals Ik do not have pairwise disjoint interiors. However, 
for each k, the cardinality of those Ij whose interiors intersect the interior of Ik 
is bounded by k for k > iV(/), where N{f) depends only on a from Lemma [3.11 
and on 7 (the smaller 7, the shorter this waiting time). We may assume by taking 
smaller 5 that N{f) < II{S). Indeed, if a point falls x from level k for the first 
time with the fuzzy dynamics, it will fall for the last time at level 2fc, because 
Lemma 13.11 for S = e^^'''^ together with the Benedicks-Carleson assumption give 
|(/'"")'(a;)| > ce'^^'^'^a'^ , and ce~'^^''a''e~'^'^'^ > e^i^*^. (The present remark will 
be used to get the Lasota-Yorke estimate at the heart of Proposition I4.10| see 
Appendix |B] ) 

These two modifications allow us to work with Sobolcv spaces (as opposed to 
the BV functions in |14j . where the jump singularities corresponding to the edges 
of the levels are an artefact of the construction), and will simplify our spectral 
perturbation argument in Section |6l 

Before we continue, let us note that if we introduce the ordinary (Perron- 
Frobenius) transfer operator 



then one easily shows that 

(79) Cium = H(£(V')) , 
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Indeed, on the one hand, we have (recall xo = 1) 
On the other hand 



(£n*)(i) 



,£,i?ML5, , i(/')'(/r'fa))l*'^""'»'=''"') 



" K7^T4^^M/r'(»))«.(/r'(.))x.(.)x.(,) 

Now, our definitions ensure that 

m.'Hy)) + =^ x,(y)xi (/(?/)) = x,+i(/(y)) , 

and 

- m,~'iy))) ^ =^ x,(2/) = 1 . 

Finally, the sums over inverse branches coincide: Distinguish between zero level — 
where it is obvious — and other levels — where the last sum (/(j/) = a;) over two 
inverse branches has at most one nonzero contribution by the support properties of 
the V'fc and ^fc. This proves ([79|. In particular, if £(0) = (f) then £(n(^)) = n(^). 
Our main result on the spectral properties of C follows: 

Proposition 4.10 (Essential spectral radius of £). Let f be an S -unimodal (Ac, i?o)- 
Collet-Eckmann map satisfying the strengthened Benedicks- Carleson condition (j70p . 
with a non-preperiodic critical point. Let X satisfy (|7ip . Then the operator C is 
bounded on B, with spectral radius equal to 1 . The dual of C fixes the measure v 
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defined after ([74|) . Let p satisfy ([26| and let a > 1 be the constant from Lemma \3A\ 
and set 

(80) Go :=min(-|— ,A,a,p) > 1. 

The essential spectral radius of C on B is bounded by ■ 

Proof. Let c{5) be the constant from Lemma |3. II 

For £ B, our assumptions on the £,j ensure that {£.{ijj))k £ Hi for all fc > 1, 
with {C{'ip))k supported in the desired interval, and that (i2('0))o is supported in 
the desired interval. 

Note that for any interval U (not necessarily containing the support of tpj), using 
the Sobolev embedding again, 

(81) suplV.I <min(C||V^;|Ui, / \^y^\dx + \U\-' f \^j\dx). 

u Ju Ju 

Since is unimodal if it is not = 1, for each £ > 1 there exist vi > Uf in Bg so 
that, setting = {x G swpplipj) \ x < ug} (J {x €z sujpp{ipi) \ x > w^}, 

(82) I \C^Pe\dx= f ClHdx- [ ^e\Mdx<Mue)+^e{ve))sup\i;e\ 

< 2 sup \ipe\ 
Ji 

(this can be viewed as the analogue of the "2 sup sup" boundary term in [l4jV 
Therefore, for all fc > 1, using also ([5T|) . 

(83) \\{Cm'u\\L^<—Wk-i\W- 
More generally, for 1 < n < fc, 

(84) < —Wu-JW ■ 

If \'ipk{y)\ > then |P(y) -Cjl < e^'^i^ for all j < fc. U ^kif±^''^^\x)) < 1 then 
|a; — Cfe+i| > e-z^sCs+i)^ Thus, changing variables in the integrals, using ((5^ for the 
terms involving for fc > 0, and recalling from Lemma 13.41 as well as ([55)1 
and ([57)) from Lemma HTTl we see that {C{tp))o belongs to Hi and 

(85) ||(£(7/0)[,||li <C^c(<5)-1(|1V^|1li + I1^o||li+sup|7/^o|) 

+ E |(;fc+iy(e,)|i/2 (ll^^ll^^+^^Pl^fel + H^^-lli^0- 

In view of ([7T|) and (|8ip . we have proved that C is bounded on (The claim on 
the spectral radius will be proved below.) 

Observe that J^k Ib^ ^^^^ k)w{x, fc) dx is finite li ^ € B (just recall that \Bk\ < 
2e-P^^ < 2e-3T'=/2 and use the bound A < e^T/^ ^^^^ 

u is an element of 

the dual of B. The fact that C*{l') = ly can easily be proved using the change of 
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variables formula. Indeed, 
(86) 

/ £(^/') diy= f CiiPKy, 0)dy + Y, f ^Wiv, k + 1) w{y, k + l)dy 

+ ^ / jil^k{x)(,k{x) w{x, k + l)dx 

i>o k>0 
Note for further use that C*{i') = v implies 

(87) z.(|£^(^)|)<K^^(|V;|)) = KIVi|)- 

We next estimate the spectral and essential speetral radii of C on B. Using ((82)) 
and the overlap control of fuzzy intervals, it is not very difficult (see Appendix [B|) 
to adapt the proof of [HI Sublemma] to show inductively that for any 6 < 0o, 
there exists C, and for all n there exists C(n), so that 

(88) ||(£"(Vi))[,(x)|Ui(,) < Ce-"||V'b + C{n)U\\B-^ . 

Recalling (|84| . and using (|87| . up to slightly decreasing 0, one then finds C so 
that for all n>\ (see the proof of [HI Variation Lemma]) 

(89) ||£"(^0b<C"e-"||7/.||e + C'||V'|le.- 

Since ([7^ implies that the length of the support of is (much) smaller than A"^*^, 
we find < llVillgti +CA-^||V'||g„i for all M > 1 (we used again the Sobolev 

embedding to estimate the supremum by the Hi norm). The bound (|89|) implies 
that the spectral radius of C on B is at most one, and thus equal to one. 

Finally, since Rellich-Kondrachov implies that B^'^ is compactly included in 
B^ (the total length of the tower is bounded, even up to A'^-expansion at kevel 
k), the Lasota-Yorke estimate ([89]) together with Hennion's theorem [23] give the 
claimed bound on essential spectral radius of £ on S = B^^ . This ends the proof 
of Proposition 14. 101 □ 

Wc next state further spectral properties of C. 

Proposition 4.11 (Maximal eigenvalue of £). Let f be an S-unimodal {Xc,Ho)- 
C'ollet-Eckmann map satisfying the strengthened Benedicks- Carleson condition (|70p . 
with a non-preperiodic critical point. 

The maximal eigenvalue 1 is a simple eigenvalue of C, for a nonnegative eigen- 
vector (j). If i^{4>) = 1, then (j) := n((/)) is the density of the unique absolutely 
continuous f -invariant probability measure. Finally, if f is and the Benedicks- 
Carleson condition (|70p is strengthened to 



(90) 
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then one can choose the parameter A so that (j)Q e H^. 

Note that supj. ||(/)||//2 = oo, since otherwise supj. ||^i'fc||ci < oo so that sup \(j)k \ < 
C|supp(<?!)fe)|, which is impossible since sup \(j)k\ = X~'^\(j)o{c)\ ^ 0. 

Proof. By Proposition l4.101 the essential spectral radius of £ on i3 is strictly smaller 
than one and the spectral radius is equal to 1. The fact that 1 is a simple eigenvalue 
for a nonnegative eigenvector then follows from standard arguments (see, e.g., |14| 
Corollaries 1, 2] or [55l Propositions 5.13, 5.14]). The normalisation iy{(f>) = 1 
implies that Jj(t)dx = Jj 11(0) dx = 1. Recalling ((79|) . we get that C{Il{(f))) ~ (f> so 
that Tl{(f)) G is indeed the invariant density of / (which is known to be unique 
and ergodic). 

It only remains to show that, under a stronger Benedicks- Car Icson condition, 
(l>o € Hi if / is C^. For this, take i/j so that ifjk = for all fc > 1 and ^(JQ is 
C°°, of Lebesgue average 1 (we can even take ipo constant in a neighbourhood 
of [c2,ci]), and use that C^{ip) converges to (j) in the B^^ norm (exponentially 
fast) as n — > oo. We claim that || (£"('0))o||_f/3 < C for all n, up to a suitable 
modification of the conditions on A in ((7T|) . Adapting the proof of one shows 

s^Vxefih) < Cjifk^ryj^^- Then, in view of 1^, one can 

exploit (in addition to the properties already used in the proof of the Lasota-Yorke 
estimates for the Hi norm in Proposition I4.10( ) the conditions on in ((76|) 

to adapt (|154p in Appendix |B] (noting also that = if the interval uj is in 
some level Ek with fc > 0). Note that ([5^ is not needed, since we only look at the 
component of C"{tp) at level 0. Details are straightforward, although tedious, and 
left to the reader. (We do not claim that the factor 14 in (|90)) is optimal. In any 
case, we shall need to work with the stronger TSR condition soon.) To conclude, 
use that if a sequence converging to 0o in Hl{I) has bounded Hf{I) norms then 
00 e Hf{I) by Rellich Kondrakov. □ 

4.2. Truncated transfer operators Cm- Wc introduce for each i\f > the trun- 
cation operator Tm defined by 



(91) TM{^h 



ipk k< M 
fc > M . 



Clearly, ||TA/||gffj; < 1 for all r > and ||T/i/||gi,i < 1. We consider the operator 
defined by 

Cm = TmCTm ■ 

By using the results of Keller and Liverani [28], we shall prove the following 
result: 

Lemma 4.12 (Spectrum of the truncated operators). Let f be an S-unimodal 
{\c, Ho) -Collet- Eckmann map satisfying the strengthened Benedicks- C'arleson con- 
dition ()70p . with a non-preperiodic critical point. Recall Qq from (|80p . 

The essential spectral radius of Cm acting on B is not larger than < 1. 

In addition, there exists Mq > 1 so that for all M > Mq the operator Cm has a 
real nonnegative maximal eigenfunction (f)M, for an eigenvalue km > ©o the dual 
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operator of Cm has a nonnegative maximal eigenfunction vm, and, setting 

(92) TM = e3^'^|(/'^)'(ci)ri/2<i^ 

for any rj < 1 there exists C > so that, normalising by = and 

J (pM dvM ~ 1, we have 

(93) <CtI,, \\iy~i^M\\^^^i^,<Crl, \km ~ l\ < CtI, . 

If f is and (j90p holds, we may choose X > 1 so that supj^/ H'/'A/.ollffJ < oo. 

Proof. The claim about the essential spectral radius can be obtained by going over 
the proof of Proposition 14.101 and checking that it applies to Cm, and that the 
constants are uniform in M. The reader is invited to do this, and to check that 
we have the following uniform Lasota-Yorke estimates for C and Cm ■ There exists 
C > 1 so that for all N and all M 

(94) max(||£'^(7/0||^«;,||£]^^(7/')||g„i) < CQ-^ + CM^,. , 

and (recall dST]) and note that iy{\C'^j{tP)\) < z/(£f^(|?/>|)) < i/(£^(|V'|)) = i^dV'l)) 

ll^'^llg,! <1, \\{Cm)''\\bli <l,VA/,ViV. 
Finally, there exists C so that for all large enough M 

||(£-£M)(^)lle.i <CrM\m^Hi ■ 
The last inequality is an easy consequence of 

II {id - Tm)^\\bli < CTA/llV'llgHi , 

which follows from Lemma [4Tl and Proposition l3.7[ since | supipk\ < C'llV-'I-IUi- The 
bounds ([93]) for 77 e (0, 1) then follow from [28l Theorem 1, Corollary 1]. 

Note for use in Step 1 of the proof of Theorem 12.131 in Section [5] that the first 
claim of [28l Theorem 1] gives a small disc B around 1 so that 

(95) sup sup \\z - Cm\\^ Hi < 00 , 

M>Mo z(^B ^ ^ 

while, letting Pa/(V') = 4>mvm{'4') be the spectral projector corresponding to the 
maximal eigenvalue of Cm, and setting 

(96) Nm {^^M - A/)"' (id - Pm) - (id - £o)"'(id - M')) ■ 

the second claim of [28, Theorem 1] with the first lines of [lOl Appendix B] give 

(97) \WMmB^- <CtIU\\^hI, 
and 

(98) A:=||(ka, -£M)"'(id-PM)||g«i < 00 . 

It follows from what has been done up to now and [28| that sup^/ ll0A/||gHi < 00. 
For the last claim of Lemma 14.121 we proceed like in the analogous statement of 
Proposition 14. Ill and get uniform bounds in M. □ 
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5. Topological invariance and uniformity of constants for various 

recurrence conditions 

It is well-known that the Collet-Eckmann property is an invariant of topological 
conjugacy, and the fact that Xdft) can be estimated uniformly in t for a smooth 
deformation ft of /o is explained, e.g., in jll) Appendix]. Our argument requires 
more: We need a Benedicks-Carleson-type condition of the form ([70|) or (|90| and 
uniform estimates on the constants 

(99) Ac(/t) , Hoift) , lift) , and also a{ft) , Ci{ft) , c(5, ft) , pift) 

(recall Lemma 13. ip . as t varies. The constant <y{ft) is bounded away from 1 uni- 
formly in small t, by the proof of [HI Theorem III. 3. 3], in particular the choice 
of m and A there, and noting that all ft have only repelling periodic orbits and 
are S'-unimodal. However, if ft is a smooth deformation of a Benedicks-Carleson 
S'-unimodal map, we do not know how to estimate 7(/t) in general. 

Lemma 15.81 the main result of this section, is proved in Subsection 15.11 It says 
that all constants in (|99|) are uniform, for deformations ft which satisfy the TSR 
condition ([5]). In Subsection [521 we exploit a consequence of this uniformity which 
will play an important part in the proof of Theorem 12.131 If ft is a deformation, 
one can use the same lower part of the tower for all operators Ct with \t\ < io, up 
to some level depending on to- 

In order to apply directly the results of Nowicki, we shall assume that / is 
symmetric, i.e., 

(100) fix) = fi-x) . 

5.1. Uniformity of constants. Recall that our definition of S'-unimodal includes 
the condition f"{c) ^ 0, that is, all our S'-unimodal maps are quadratic. Let Rf{x) 
be the function from Q in the definition of the TSR condition. 

Proposition 5.1 (Uniform Collet-Eckmann condition [3T]). Let /o he a S- 

unimodal map satisfying the topological slow recurrence condition ([5]). Then there 
exist Xc > I, K > 0, K > 0, and e > such that for every S -unimodal map f in 
the topological class of fo such that \f — falc^ < e, we have 

(101) Rf{f{c))>-n\og\f^c)^c\, Vj>0, 
and 

(102) \{P)'{f{c))\>KXi, Vj>0. 

Proof. Except for the explicit statement on the dependence of k, (|101I) is Lemma 2 

in We say that / G V{D,L,e) if 

i?/=max|/'(a;)|<Z?, i;=sup^^M^l^<L, sup < . 

^e-f xei \x-c\^ f{x)=f{y)\v - c\ 

For e small enough, we have / € V{D,L,6), with D = 2Dgg, L = 2Lfg and 
6 ~ 26fg. The proof of Lemma 2 relies on Sublcmmas 2.1 and 2.2 in [31]. The 
constants C and k in [31] Sublemma 2.1] depend only on D, L and 0. The constant 
Ng in [211 Sublemma 2.2] depends only on the topological class of /. In the proof 
of Lemma 2 in [31] . since / has a unique critical point we can take Sq = |/| and 
A^o = 1 in (5) and (6) of [3T]. Moreover, we can find e > such that 

inf min{|/*(c) - c| s.t. Q <i< max{A^o, N,}} > . 

l/-/olc3<<^ 
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This shows (fTOTj) . 

Except for the exphcit statement on the dependence of K and Ac, (|102|) is Corol- 
lary 5.1 in |3T]. The proof of this result relics on (|101[) above, and on Lemmas 3, 4, 
5 and Sublcmma 5.1 in [311 . The estimates obtained in Lemma 3 depend only on 
the topological class of /. Given T > 0, we can find e > such that 

inf mm{\x - y\ s.t. X =^ x,y e {r{c)}i<TU {z: /'(z) = c}i<T} > , 

so we can see from the proof of [311 Lemma 4] that there exists 7(T) that satisfies 
the estimates obtained in Lemma 4 for every S'-unimodal map / in the topological 
class of /o satisfying \f — /olc^ < Sublemma 5.1 in [21] follows directly from 
Lemmas 3 and 4 for every / satisfying the same conditions, with the same constants 
rj and 7. Finally the proof of the estimates in Lemma 5 in [31] depends only on the 
topological class of /, estimates in Sublemma 2.2, ()10ip above and D. □ 

Proposition 5.2 (Uniform Bcnedicks-Carleson type conditions). Let fo be a S- 

unimodal map satisfying the topological slow recurrence condition ([5]). Then for 
every 7 > there exist Hq > and e > such that for every S -unimodal map f in 
the topological class of fo such that \ f — /olc-' < ™6 have 

|/'(c)-c| >e-^^ yk>Ho. 



Proof. Let K and e be as in Proposition [STTJ Choose mo, no large enough so that 



n 

l<j<n 



fl/o(/o('=))>™o 

Consequently, we have the same estimate for every map / topologically conjugate 
to /o, that is 

- V Rfif{c))<K^,yn>no. 

In particular, if Rf{f''{c)) > mo and k > no, we have 

k 

so by (|10ip we obtain 

log|/fe(c)-c| ^ 
k 

so |/'^(c) — c| > e^^'^. Since c is not periodic for fo, we can find 77, e > such that 
for each S'-unimodal map / such that \ f — fo\c^ < ^ ^^id for every x € (c — 77, c -f 77) 
we have \ f^{x) — c| > for 1 < i < 2mo. In particular, dist (il/, c) > 77, where 

flf = {xel: Rf{x)<mQ}. 

Let Ho > no be large enough such that 77 > e~''^". Then |/'^(c) — c| > e~'^'^ for 
every k > Ho- □ 

We are going to use some results by Nowicki |36| . An interval [01,02] is a nice 
interval if c G (01,02) and /^(oi) ^ (01,02), for every j > 1 and i ~ 1,2. We 
say that an interval (c, &) is a *(n) interval if /" is a diffeomorphism on (c, 6) and 

rib) = c. 
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Proposition 5.3 (Lemma 9 and Proposition 11 in [36]). Let {c,b) be an *{n) 
interval of a symmetric S-unimodal map f satisfying ilOS^) . Then |/"(c) — > 
|c — b\. Furthermore 

ir(c)-r(6)i > A'iA^/4|c-6|, 

where Ki ~ {Km/ 4,^1)^/"^ , where K is as in UO^) . and m and M satisfy m\x — c\ < 
\f'{x)\<M\x~c\. 

Proposition 5.4 (Proposition 13 in |36]). Let f be a symmetric S-unimodal map 
f satisfying \10S]) . Let b G [—1, 1] be such that f"{b) — c. Then 

i(r)'wi>p", 

for every E 

f^{c)-f^{b) '/'^ 
c-b 

(The right-hand- side above is > 1 by Proposition \5.3l ) 



(103) p < min(inf inf 

n (c,??) an *(n) interval 



Proposition 5.5. Let /q be a S-unimodal map satisfying the topological slow re- 
currence condition ([5]). Then for every /3 G (0, 1) there exist e,d > and K > 
with the following property: Let f be a symmetric S-unimodal map in the topological 
class of /o such that \ f — /olc^ < C [— <5, ^] be a nice interval for f , 

and let x G [—1, 1] \ [— g, q] be such that /"(x) G [— q, q] for some n>\. Define 

no{x) = min{n > 1 s.t. /"(x) G [— q, g]} . 

Then there exist intervals Ino(x) C Jno{x) such that 

1. For every y G Ino{x) we have na{y) = m{x) and /"°(^^/„o(x) = [-q,q\- 

2. The map f^^'>(x) ■ J„^^^^ — >• /"°^^'J„q(x) "is o, diffeomorphism, and each con- 
nected component of f^^°^'^^ Jn„(x) \ {c} is larger than Kq^ . 

Proof. The existence of In„(x) satisfying Claim 1 follows from the fact that [—q,q\ 
is a nice interval. Let [a, &] = Jna{x) 3 Ino(x) be the largest interval such that 
jno{x) diffeomorphism on {a,b). In particular there are na,ni, < ^0(2;) such 
that /""(a) G {l,-l,c} and /""(&) G {l,-l,c}. Suppose /"'(&) = c. We are going 
to show that |/"o(^)6 — c| > Kq^ . The proof of the analogous statement for a is 
similar. By Claim 1 there is d G Ino{x) such that f"°^^\d) = c and, moreover, 
/""(d) ^ [-9,9], so either [-q,c] C [f"'id),c] = f"^[d,b] or [c,q] C [c,f"^{d)] = 
f'^''[b,d]. Since {f"''{d),c) is a *{no{x) — ut) interval [5^, by Proposition 15.31 and 
Proposition 15. 1[ we have 
(104) 

|/"°(^)(6)-c| = |/"«(^'-"''(c)-c| > i^iA("«<^)-"'')/'*|c-/"''(d)| > A'iA("°(^)-"''/''g, 
where Ki is uniform on a neighbourhood of /q. Choose 

^ /31ogA, 
'<"<i(W)- 

Reducing this neighbourhood, if necessary, we have by Proposition 15.21 that 
(105) |/"«(^)(6) ~c\^ |/"o(^)-n6(c) _ c| > Xe-'^("°(^)-"'') . 



that p is called Ay in |36| . 
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We have two cases. If no{x) — Ub > —4(1 — /3) log q/ log Ac then, by (|104p . we easily 
obtain - c| > Kiql^ . Otherwise no{x) - rib < -4(1 - /3) logg/ log Ac, so by 

(HnH), we get 

Choose ^ = mm{K,Ki). If |/"H5)| = 1, then /"«(^)(6) = -1. Choose (5 such that 
S-P > Then 

|/"«(^)(5) - c| = 1 > /?(5^ > . 

□ 

Corollary 5.6 (Uniformity of Ci and p). Let fo be a symmetric S -unimodal map 
satisfying the topological slow recurrence condition There exist p > 1 and 

e > with the following property: For every C'l € (0, 1) there exists S > so 
that, for every symmetric S -unimodal map f in the topological class of fo such that 
\f ~ fo\c^ < and for every nice interval [—q, q] of f such that q < S, if x ^ [—q, q] 
and n > 1 is the first entrance time of x in [—q, q], then 

i(.r)'(.T)i>cip". 

Proof. By Proposition [O] we can find eo > and p > 1 such that Proposition 15.41 
holds for every / such that |/ — /olc^ < co, with / in the topological class of fo. 
Take /3 = 1/2, and let e < eo, (5 be as in Proposition 15.51 Reducing S if necessary, 
we have that ii q < S then each connected component of f^''{Jn{x)) \ [—q,q] is far 
larger than q. In particular by the Koebe lemma 



(r)'(^ 



\ <C^\yz,weIn{x). 



if^Yiw) 

But there exists b G In{x) such that /"(6) = c, so (/")'(&) > p". We conclude that 

i(r)'(x)i >cip". □ 

Finally, we shall need the following result: 

Corollary 5.7 (Uniformity of c{S) and a). Let /o be a symmetric S -unimodal map 
satisfying the topological slow recurrence condition ([5]). There exists a > 1 such 
that for every S > there exist c{6) > and e > with the following property: 
For every symmetric S-unimodal map f in the topological class of fo such that 
\f - /olc3 < e, if \f'{x)\ >6 forO<i<n then 

\irn^)\>ci6)a-. 



Proof. By Proposition 15. 11 we can find eo > and p > 1 such that Proposition 15.41 
holds for every / such that | / — /o|c3 < eo, with / in the topological class of fo. 
Using the same argument as in Proposition 3.9 in |35j . we can show that for every 
periodic point q such that /"(g) = q we have |(/")'((z)| > p". Note that since c 
is recurrent by fo, there exists a sequence of periodic points for fo converging to 
c. So given S > there exists a periodic point p for fo such that \p\ < S. Let no 
be the prime period of p. There exists ei < eo such that every map / such that 
\f ~ fo\c^ < ^1 has an analytic continuation pf for p such that \pf\ < S and 

r]per = inf \pf\ > 0. 

/-/olc3<'=l 



analogue of a is called X]\j in | 35| . 
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Without loss of generality, we can assume that > \pf\ for every i. So 

[—Pf,Pf] is a nice interval. Let x ^ [—S,S] be such that |/'(a;)| > ^ for < z < ti. If 
/"(x) e [—Pf,Pf] we can use Corollary 15.61 to conclude that > Cip". So 

assume that /"(x) ^ [— Let (a, 6) be the largest interval such that x e (a, 6) 
and ^ [— for every < i < n and y e {a,b). In particular, /" is a 

diffeomorphism on (a, 6), and there exist UajTib < n such that |/""(a)|, G 
{\pf\, 1}. Without loss of generality, we can assume that |/*(a)|, ^ 1} 

for every i < Ua, j < rib. If /""(a) G {—1,1}, then indeed a e {—1,1}, so 
|(/")'(a)| = |/'(— 1)1". We have a similar statement for b. Otherwise cither f"'^{a) 
(respectively f"''{b)) or —/""(a) (respectively —/"''(&)) is a periodic point with 
period uq. Then and rif, are the first entry times of a and b in [— By 
Corollarv l5.6l we have 

|(r")'(a)| > and |(r')'(fe)| > Cip"^ . 

Since pf is a periodic point of period no, Hf"")' {pf)\ > p"" and / is symmetric and 
quadratic, we have 

l(r'"")'(r°(a))l > p"-""-"" min{|/'(r(p/))|, < z < no}"° 

> c""|p/rv"-""-"" , 

so 

|(r)'(a)| > C"«|p/rV"-"« > C'""r;;°,p-"V" = c(5)p". 
We can obtain similarly |(/")'(6)| > c{5)p". In any case 

min(|(r)'(a)|, |(r)'(fe)|) > min(l,c(<5)) • min(p, |/'(-l)|)" . 
By the minimum principle 

|(/")'(x)| > min(l,c(5)) • min(p, |/'(-l)|)" . 
So choose a = min(/9, |/'(— 1)|) > 1- □ 
Summarising the results of this section, we have proved: 

Lemma 5.8 (Uniformity of constants in topological classes of TSR maps). If fa is a 
symmetric S-unimodal {Xc{fo), HQ{fQ))-Collet-Eckmann map satisfying topological 
slow recurrence (O, for every Ci € (0,1) there exists Ac G (l,Ac(/o)) so that for 

1 /2 

any 7 > there exists Hq > i7o(/o) so that for each p £ (1, Ac ), there exists a > 1 
and Sq > so that for every S G (0, Sq) there exist c{d) > and e > so that the 
following holds for each symmetric S-unimodal map f topologically conjugated to 
fo and so that \f - /o|c3 < £• 

The map f is (Ac, H^j-Collet-Eckmann and satisfies (j90p for 7, Ac, and Hq- For 
any y (z I , if j > is minimal satisfying \f-'{y)\ < 6, then 

(106) \ifn'iy)\>Cip> , 

for any x G I, if j > 1 is such that |/'^(a;)| > 5 for all < k < j , then 

(107) \{fl'(x)\>c{5)<j\y0<i<j. 

Comparing the above result to Lemma 13.11 we emphasize that we do not claim 
that Ac can be taken arbitrarily close to Ac(/o) or Hq close to iJo(/o), where Ac(/o), 
Hoifo) are the best possible constants for /q. So ([90|) cannot be viewed strictly 
as a Benedicks-Carleson assumption. (This is mostly because of the infimum in 
the right-hand-side of (|103p from Proposition 15.41 ) However, this does not matter 
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since we are assuming the much stronger TSR assumption in any case (see also 
()115|) below), which implies that we can take 7 arbitrarily close to after Ac has 
been fixed. The advantage of the notation introduced in Lcmma l5.8l is that we can 
use the estimates from Sections [3] and |4] directly, with the same notation for the 
constants, for deformations of maps /o satisfying the assumptions of Lemma 15.81 



5.2. Transfer operators Ct, Ct^M for a (TSR) smooth deformation /(. If /( 

is a one-parameter family of 5'-unimodal symmetric CoUet-Eckmann maps /t, 
with a non preperiodic critical point, Lcmma l5.8l implies that all ft satisfy estimates 
for uniform parameters Ac and ifo, and satisfy the strengthened Benedicks-Carleson 
condition (f90| for some 7. We can associate a tower /(:/(—>■ It to each /(, choosing 
small 5t and intervals B^ t by using the parameters Ac, i?Oi 7 as in Subsection 13.11 



replacing Ck by Ck,t- Then, we can define spaces Bt \ and an operator Ct in 
Subsection l4.1[ replacing /'^ by and Ck by Ck,t in ([7^ and the definition of £,k,t- 
We summarize first the results which follow from applying Proposition 14.101 and 
Proposition 14.111 to each ft , in order to fix notation (note however that we shall 
modify slightly the lower parts of the tower maps ft in Proposition 15. 9^ : There 
is < 1 so that each operator Ct has essential spectral radius bounded by on 
Bt ^ Bt ^ ■ Outside of a disc of radius 9t < 1 the spectrum of Ct on Bt consists in a 
simple eigenvalue at 1, with a nonnegative eigenfunction (pt, so that {(j}t)o belongs 
to Hi. Define Wt : Bt ^ L^{I) by 

(108) n,(^)(.)= ^7IT77^^^^(/^'(-))xm(-), 

where Xk,t is defined like Xk (see Proposition l2.7p . replacing f'^ by ft and Ck by Ck^t- 
The fixed point of the dual of Ct is the nonnegative measure v on It, absolutely 
continuous with respect to Lebesgue on It whose density is w{x, k). If we normalise 
by requiring ^{(jit) ~ 1, the invariant density of ft is just (pt = Ilf (0t). Lemma 14.121 
also holds for Ct.M, using the weak norm || • jlg^i . This gives 0t,M, i^t,M = vm, and 
Kt^M- If "■(/*): di{ft) and c{5, ft) from Lemma l3.ll applied to ft are uniform in 
then all objects constructed are uniform in t (including the norms of (0t)o and 
{^t,M)o forr G (1,2)). 

There is of course some flexibility in choosing the intervals Bk^t and the functions 
ffc.t. It is tempting, in order to get conjugated tower dynamics ft : It It, to choose 
Bk,t = ht{Bk.o) and ^k.t = Cfc.o ° j where the homeomorphisms ht are given by 
Lemma |2. Ill Then, in order to prove Theorem 12 . 1 31 on linear response, one would 
need additional information on the ht (for example, but not only, the fact that 
dtht{x) = a{x) at all points x). We shall work instead with truncated operators 
Ct^Mi disregarding the top part of the tower via Lemma l4.12[ and artificially forcAng 
the lower parts of the towers associated to the various ft to coincide. This is going 
to be possible in view of the following consequence of Lemmas 12.101 and 12.121 

Proposition 5.9 (Controlling the truncated tower). Let ft he a deformation of 
S -unimodal maps ft satisfying the Benedicks-Carleson condition (j90p for 70 = 7. 
Let fo : I I be a tower associated to fo as in Section \3.1l for some S > 
and 370/2 < /?! < /32 < 270. Let as be the solution of the TCE ([7]) for fs and 
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Vs = dtft\t=s, with aa{c) = 0, given Theorem \2.4\ Fix 

^ < ^1 < /?i < /32 < /32 < 270 . 
Then, for any M > 1, and for any t so that 

(109) sup |a,(cfc)||t| < min((e-^i*-- - e-'^^''^ (e-^^*^ - 6"'^='^)) , 1 < fc < M , 

s|<t 

one can construct the tower maps ft : It It, the Banach spaces Bt\ , ana 
the transfer operators Ct, using parameters St > 0, intervals B^.t admissible for Pi, 
and P2, o-nd smooth cutoff functions ^k.t in such a way as to ensure 

St ^6, ^M^Cfc, yk<M, 

and, in addition, so that all results of Section hold for Ct ■ 

If /o enjoys TSR then, up to taking smaller e, Lemma [2.121 implies that 

sup |Q;s(x)||e| < 00 , 

\x\<S,\s\<e 

SO that we can exploit the above proposition. 

Proof of Provosition 1 5. 9[ Recall ht as given by and recall Lemma r2.10l By the 
proof of Lemma I2.12[ we have 

lofc - ht{ch)\ < \ak - Cfcl + \ht{ck) - ho{ck)\ 

<e-^'^+ sup \as{ck)\\t\, 

\s\<\t\ 

and 

\ak - ht{ck)\ > \ak - Ck\ - \ht{ck) - ho{ck)\ 

>e-ft*^- sup |a,(cfc)||t|. 

Nl<l*l 

The claim of Proposition lS. 91 follows. □ 
6. Proof of linear response 

In this section, we prove Theorem 12.131 Let ft satisfy the assumptions of the 
theorem. We suppose in addition that the critical point is not preperiodic (the 
proof is much easier if it is). Applying Lemma 15.81 we fix e > and constants 7, 
Ac, cr, Ci, p, S, and c{S) and we choose 87/2 < /3i < /32 < 27. By Lemma we 
may assume that the strong Benedicks- Carleson condition (j90p holds, and in some 
places in the proof below we may require a stronger upper bound on 7. 

Constructing a tower, Banach space, and transfer operator for each ft as in 
Section m the invariant density of ft can be written as (f>t = Ilt{(f>t), where Ht 

was defined in (jlOSp . and where (j)t is the nonnegative and normalised fixed point 

^ ^1 

of Ct on Bt ^ given by Proposition 14.111 applied to ft ■ It will be convenient to 
work with truncated transfer operators Ct.M, recalling Subsection l4.21 in particular 
Lemma |4.12| which gives 4>t,M- We shall in fact require the lower part of the towers 
of ft for small enough t, up to M = M(t) as given by Proposition 15.91 to coincide 
with that of /q. 



'Recall Remark IZQl 
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When the meaning is clear, we shah remove from the notation, writing, e.g., 
n, (/), and 4>M, instead of XIq, 4>q, and 0o,m- 
We start with the decomposition 

(110) 0t - = nt(0t - ^t,M) + n(0M - 0) + ^MtM) - n(0A/) . 

Note that if ./''|[c,y] is injective then 



Lemma 14.121 impUcs that, for large enough M (uniformly in t) 

(112) \\M^t-kM)\\L^i)<CUt-kM\\r,.^ < CT;',,V|t| <e. 
Fix C > 0, then pT^ implies 

max(|int(0t - 4m)||lh/) J|n(0 - 0a/)||li(7)) < c|<r+« , 

(113) Vi so that (r^^)^ < |t| < e. 

It is now sufficient to estimate the third term in the right-hand-side of (|110p for 
t and M = M{t) satisfying ([Tn)) . 

For this, in order to apply Proposition 15.91 and noting that the right-hand-side 
of (fTUg)) is > Ce~27A/^ ^aj-^t t and il/ to satisfy 

(114) sup |a,(cfc)||i| <Ce-27A/, 

fc,|s|<e 

(Recall that sup^ [gj^^ |as(cfc)| < i by Lemma [2.121 ) In several places below we 
shall require a stronger version of (|114p , of the form 

(115) |^|<e-^T^^ 

where F > 2 is large (but uniformly bounded over the argument). Since tj\/ < 
^-M/2g3M7 (recalling Lemma 021) and A < e'^ (by ([711)), we see that pl^ and 
(|115p are compatible if e is small enough and 

(„6) ll„gA.>.(i±Iii±<l + 3)^ 

2 ^7] ' 

By our TSR assumption and Lemma 15.81 we may indeed require that 7 is small 
enough for the above Benedicks-Carleson condition to hold, even if F > 2 is large. 

We shall call pairs (M, t) so that \t\ < e and (|113p and (|115p hold admissible 
pairs. In the remainder of this section, (Af , t) will always be an admissible pair, and 
we shall work with the towers and operators given by Proposition 15.91 for a given 
such pair. 

The key decomposition for an admissible pair is then 

(117) nStM) - n(0A/) = nStM - M + MM - ^iM ■ 

Before we start with the proof, let us briefly sketch it: The term — 4>m^ 
will be handled using spectral perturbation-type methods. This is the content of 
Steps 1 and 2 below, the outcome of which are claims (|129p . (|133p . and (|135|1 . 
(Horizontality is used here to get uniform estimates, in view of Proposition 15.91 but 
also, e.g., in Lemma [6.11 ) 

The other term requires the analysis of lit — Flo. This will produce derivatives 
of the "spikes," i.e., of functions of the type {x — Cfc)"^/^ (recall the definition of 
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lit and see Lemma ITT]) . Since dt{x — ht{ck)) is not integrable, this wiU require 
working with J A{Ilt(/)t — no(/>t) dx, with A a function and integrating by parts, 
as well as using again horizontality. Wc perform this analysis in Step 3 of the proof, 
which yields (|152p . 

Step 1: The first term of (|117p : perturbation theory via resolvents 

(Recall that {M, t) is an admissible pair.) In order to get a formula for the limit 
as t — >■ (in a suitable norm) of the first term of (|117p divided by t, we shall first 
analyse {4>t,M — 4'M)/t, and then see how lit enters in the picture. 

Since vm(,4'm) = 1, we have 

Now, Lemma [4.121 applied to / and ft implies that 

|i^t,M(0M) - vm{4'm)\ < 2max(||i^t3/ - '^t II (gff}).> I kji/ - '^ll(g«J),)ll'^Mlle«J 
<Cr]^||<^M||^.| . 

Our choices imply that Ct^j = 0(|t|^+^) while ||(/>M||gffi is uniformly bounded, e.g., 
by the proof of Lemma 14.121 Therefore, to study (fit^M — (pM, it suffices to estimate 
4't,M^t.M[<pM) ~ 4>Mi that we shall express as a difference of spectral projectors. 
Next, set 

Qt,M = QtM{z) = z - CtM , Qm = Qm{z) = z - Cm , 
recall W'm from the proof of Lemma 14.121 and denote by 

the spectral projector corresponding to the maximal eigenvalue of Ct^M- Using 
2m/ - 2m = 2o/(A,M - Cm)Q-,^ , and Q-J{M = , 

Z — hM 

we rewrite (f>t,Mi^t,Mi4>M) ~ (f>M = (Pt,A/ - Pa/)(0a/) as follows: 

1 r (-z) - ^ , 

(118) 4>t,M^t,Mi.i>M) - 4>M = -TT— f {Ct.M - Cm){4'm) dz 

ZlTT J Z — KM 

= {km - £t^A/)"^(id - Vt^M){Ct,M - Cm){'Pm) , 

where the contour is a circle centered at 1, outside of the disc of radius max(6'o, Ot) 
(using the notation from Subsection 15. 2[) . 

We are going to use again the arguments in [28] . By uniformity of the constants 
in Lemma \5M the Lasota-Yorke estimates in the proofs of Proposition 14. 101 and 
Lemma [4. 121 sav that there exist e > and C > 1 so that, for all |<:| < e, all M, all 
3, 



(119) wclMW^,. < c\m^,. , ||4jvf WIU«; < ce-^"||^||^„j + c\m^,r 



(120) \\c\,m\B^- < ciiviIb.1 , wci^m^Hi < ce-^ii^ii^„i + cm^,i 



^"'^We use that the constant c{5,ft) associated to ft by Lemma 15.81 does not depend on t and 
that infa>aj| c(5) > for any Sq > 0. 
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In Step 2 we shall find C > 1 and jy > so that for each admissible pair {AI, t) 

(121) wct.Mii^) ^ CMm\jiL^ <c|tr'iiV'b, vt^gs. 

We are not exactly in the setting of [28], since we have a "moving target" Cm^i) as 
t —7- 0. However, since the right-hand-side of (jl2ip does not depend on M, setting 

Nt,M ■■= {^^M - A,M)~'(id - VtM) - (km - ^A/)"'(id - Pa/) , 

then (|119p - p20p and (|12ip imply, by a small modification of the proofs of pSl 
Theorem 1, Corollary 1], that there exist C > 1 and ?} > so that for all admissible 
pairs (M, t) 

(122) \Wt.M\\j,Hi <c, iiM,M(vi)iif3.i < citrm^^i . 

In Step 2, we shall show that there exist C > and 2?^/ B = B^^ with 
jvMfidx = 0, I?A/,fc = 0,Vfc> 1, and ||2?A/||g < C, 

and C > 0, so that for all admissible pairs (M, t) 

(123) WCtMhi) - Cm{4>m) - tT^KiU < C\t\'+i . 
Writing 

(ka/ " A,Af)"'(id - Pt,A/) = Nt,Ai + (ka/ - ^A/)"'(id - Pm) , 
we see that (|123p together with ([M)) from the proof of Lemma [4. 121 and (|118p imply 

~ hi = \Mt,M + (ka/ - ^Af)"'(id - PmWVm + OB(|t|i+^~)) 

(124) = iM^A/l^'M) + t(KA/ - £A/)"'(id - Pm){Vm) + AO^^i (|t|i+f) . 

Note for further use (in (|132p below) that, since H'^Hc" '■= sup j, sup 1-0^1 < 
CIIV^IIji^i, the bound ()124p with the first inequality in ()122p imply 

(125) ||0t,A/ — '/'A/llc" = 0(1) , as t — > 0, uniformly in admissible pairs {M,t). 

Recalling from (fT8)) the definition Y, we shall see in Step 2 that the following 
expression defines an element of B^^ 

(126) V = -{%{€{¥$))' , 

and that, in addition MmM^oo — ^-'a/HhJ = 0. More precisely, there is C > so 
that for admissible pairs {M,t) (oo,0) 

(127) \\V - VmWhI = II^?o - ■DM,,\\Hlii) = 0{\tf) . 

Note that Vk = for fc > 1, and that JVodx ^ 0, so that 1^(1?) = 0. Similarly, 
v{Vm) = 0. Therefore, by the spectral properties of C on B^^ from Proposi- 
tions HTTO] and IHTTl we have that 

(id - £) - 1 (2?) e B""^ , (id - £) - 1 (2?A/ ) e 6^^' • 

Recalling A/a/ from (|96| in the proof of Lemma 14.121 the estimate (|97|) and our 
condition pi3p on Af give 

(128) ||A6v,(^)|li5.i <5|tr+';|K.||^„j. 
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In particular, since ||I?a/||s < C, we get linit_>.o ||A/j\/(2?A/)||gti = 0, exponentially 
in Af. Therefore, recalling that = v{T>m) = 0, and using ()127p . there exists 

C" > so that for admissible (A/, i) (oo,0), 

\\{km - CmV^^A - ¥m){Vm) - (id - C)-\V)\\^^, 

< \\MM{VM)hL^ + \\{id - C)-'{V - Vm)\\^hI = 0{\tf) . 

We may now conclude the first part of Step 1: Dividing (|124p by t, letting t 0, 
and applying the second bound of (|122p gives C > so that (using again z^(I?) = 0) 

(129) \\ji$t,Mit)-kiit))~{^d-C)'\V)\\^^i =0(|i|^) ast^O. 

It remains to assess the effect of composition by lit in the first term of (|117p 
divided by t. We claim that (11291) implies 

(130) lim \\jUSt,M - ki] - no((id - £)-i(2?))|Ui(,) = . 
To prove p30p . we start from the decomposition 

(131) jMkM - hi) = \^St.M - hi) + \i^t- ^o){hM - hi) ■ 

Note that pTTj) implies ||norA/(^/')||Li < CWkn^^- Therefore, since v{V) = 0, 
(|129p takes care of the first term in (|13ip . and it suffices to show that the second 
term in (|13ip tends to zero in L^{I) as t — 0. 

Recall that Lemma [5751 allows us to take a larger value of F in (|115p if necessary. 
Estimate (|143p in Step 3 implies 

mt -iio)m\LHi) < cvtMc" ■ 

Therefore, by (|125p . we have 

(132) !l(nt-no)(<^M/-'^M)!lLi < cVtUtM - hi\\c<> = o{t) , 

proving (|130|) . 

Finally, (|130p immediately implies that 

(133) lim 1 jAuStM ~ hi] dx = - J Alio {{id - €)-'[%{€{¥$))']) dx . 
In other words, 

(134) lim i j{A - A o mt[hM - hi] dx = - j A{Tq{C{Y4>)))' dx , 
where we used (j79p . If A is C^, we can integrate by parts, and we find 

(135) lim i J{A~Ao mStM - hi] dx = J A'To{C{Y4>)) dx . 

Step 2: The first term of (jllTp : Computing lim j{Ct,M ~ Cm){4>m)- 
In this step, we prove and ([TiS| . p?7)) . for admissible pairs {M,t). 

The following estimates will play a crucial part in the argument (their proof is given 
in Appendix [Cl it uses the fact that 1 1-> /f G is a map): 



50 



VIVIANE BALADI AND DANIEL SMANIA 



Lemma 6.1 (Taylor series for fjj^{x) — ±{x)). Let ft satisfy the assumptions 
of Theorem lS.lSl Recall the functions Y^ t from (|17p . the maps f^^ from ([T|), and 
the smooth cutoff functions from Definition \4. 7[ Then there is C > so that for 
any k > Hq and any \s\ < e, if (I114p holds, then 



(136) 



sup < C- 



In addition, for all k > I, we have 



i(/r')'(ci.s)|V2 



(137) 
(138) 



sup 



sup 



< c 



=37/0 



< c- 



i(/r^)'(ci,.)r/2 

pG-yk 



^if^Yif-Xix))' 

Finally, for all k < M and all x E fs{Ik) 

yu{f±\x)) 



(139) 



fi''{x)~ftl{x)~t- 



m'{f^\x)) 



i(/r^)'(ci..)|i/2 



and, for the same k and x 
(140) ^ 



{fh'{f±{x)) {f^Yiftiix)) 



Yu{f±\x)) 
m'{fi\x)) 



< C\tYe 



2 7'yk 



We first prove p^ . If j > M then Ct,M{ip){x, j) = CM{'ip){x,j) = 0. If 
1 < j < M , since = ^j^t (recall the construction in Proposition [53]), 

^t,M{i'){x,j) - CM{lp)(x,j) = 0. 

Therefore, we need only worry about j = 0. 

Recall the definition dTT]) of Ct,M{^){x, 0). The definition ^ of (the shift in 
indices there mirrors that in ((77|) ') together with (|164p and (|167p from the proof of 
Lemma l6.ll imply the following: Assume that ip is and supported in 1^. Then 
there exists s(t) G [0,t] so that 



< \t\\Af7X+i^))\ 



\m{ftXi^))\ 

■(/^)'(/.:i(^))^ 



W{f7Xi^))\ 



\{m'{f7Xi^))\ 



YkAf^Xi^)) 



im'ifrXi^)) 



Of course, the branch f_'' is handled similarly. Recall that C°° is dense in 
Hi- Therefore, summing over the inverse branches, and taking into account the 
contribution of (1 -&)(/t7+ (a;)) -(1 -&)(/+ '"(2^)) via ^ or (l82|) (our assumptions 
imply that each ip'f. and ^'f. vanishes at the boundary of its support), and averaging, 
we get C > so that for any ip G B and any admissible pair {M,t), using (|136p 
and ()137p from Lemma 16.11 and the upper bound (|7ip on A 



(141) \\Ct,M{iP) ~ CMmh.! < C\t\e'''^'X'^'m^^i < C\t\e 
In view of ()115p . this proves ()12ip . 



77 I 



IB"! 
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Next, we show (fTM]) . Note that 



and set (recall that ((?!)a/)o ^ ^i) 

Vm ■.= -{%{Cm{Y^m)))' (^B. 

Clearly v{T>m) = 0, integrating by parts. Since Lemma 14.121 implies that 0a/ is an 
eigenvector of Cm for an eigenvalue km close to 1 (so that the A'^ factor can be 
replaced by which is strictly smaller than Ce^'^'^ by our choices), we get, using 
(|136p and (|137p from Lemma WA\ as well as Lemma |4?1] sup^/ |l2?A/j|gLi < oo. Up 
to increasing F in (jllSp . (|137p and (|138p imply that s\rpj^ W^mW^hI < oo. 

Using again that ((/!'a/)o <= Hi, we may write the average of the i- Taylor series 
of order two of 

.^M,fc-i(/+'(x)) ^M,k-i{ft:tix)) 
lipnn'm \{m'ift:+i^))\ ' 

and of its x-derivative. By (|138p . (|139p . and (|140p . this gives 

(142) II A,A/(0A/) - -Ca/(0a/) - WmWb < Ce"^^^|t|i+« . 

Since we can take F in (jllSp as large as necessary, this establishes ()123p . 

Set V = —To{C{Y(f>)y . Clearly, i'{'D) = 0, integrating by parts. The estimates 
we proved imply that ||2?o — T^m.oWhI ^ 0: exponentially fast as M -> oo, and 
that V € B"'. This shows (fT26)) and (fT27| . 

Step 3: The second term of (fUT)) : Estimating i(nt - no)(0Af) € (C^/))* 

In this step, the points arc not necessarily falling from the tower, so that the 
analogues of the derivatives in Lemma l6T] have nonintegrable spikes. Therefore, as 
already mentioned, we shall not only require horizontality, but we shall also need 
to perform integration by parts, using that the observable A is C^. 

As before, the index k ranges between 1 and M, where (M, t) is an admissible 
pair. We focus on the branch the other one is handled in a similar way. 

Note for further use that, recalling Proposition l5.9[ Lemma HTT] implies that there 
exists C so that for any admissible pair (M, t) and any I < k < M 

(143) ^k.t:= sup r ^^L-^dx< ^^dx<CL\t\'^\ 

z&[c,.c,,,]Jc, |(/^)'(/+^(x))| 7c, 

(We used ([14]) to get \ck,t ~ Ck\ = \ht{ck) ~ /io(cfc)| < L\t\.) In particular, 

(144) I/^'(cm) - f+\ck)\ < ^k, < C\t\^^' ■ 

Assume to fix ideas that Ck > Ck,t, with Cfc and Ck,t local maxima for f'^ and f^, 
respectively (the other possibilities are treated similarly and left to the reader). 
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We first study the points in /'^(supp((/)Af,fe)) for whicli f^^{x) exists but not 
f^^{x), i.e., the interval [ck.t,Ck\. This gives the following contribution: 

(145) - / A{x) —. (j3Mk(f+''{x))dx 

Co 

[{Aifiy)) - A{ck)) + A(cfc)]AVM,fe(y) dy 

/+'(cfc,t) 

A'{zk.t{y)){ck - f{y))>^''<l>M.k{y) dy 

^/+'"(Cfc,t) 

/•Co 

(146) +A{ck) / X''c^M.k{y)dy, 

where Zk^tiy) € [cfc,t,Cfc], and we used that f^'^ is orientation reversing. Now 

A'izkAy)){ck- f{y))X''<l>MAy)dy\ 

^k 



<SUp\A'\\Ck~Ck,t\ I ,,rkVff~kt ^^> M.fc(/+ ' (x)) dx 

Ck,t 11/ ) [J+ [X))\ 



< C sup \A'\\ch - Ck,t\^/ck - Cfe,t 
<Csup|^'|sup|a,(cfc)|3/2|i|3/2, 

where we used Lemma [2 . 121 together with (|143p . Since there are Af terms and since 
limt_).o M-^/|i[ = for admissible pairs (A/, t), the relevant contribution of (jl45p is 
fully contained in the last line ()146p of (|145p . (We shall sec in a moment that (|146p 
cancels out exactly with another term.) 
Second, we need to consider 



(147) -T X^Aix)i^tHAI^ _ ^MAKli^ ^ 



(148) = - y""' \^A'{x)[4,M,k{f+\^)) - hiMtXi^))] dx 

(149) + AA{x){^MAn\^)) - 0A/.fe(/t:t(^)))]i-Y • 

where (^'^^^^ = (pMM, 4>mM^^) = 0' ^^'^ used that (/'')'(/+''(a;)) < when 
integrating by parts. One term in (|149p vanishes because of the support of (pM.k- 
The other term is 

(150) X'Aick^i^MAf+'M) ~ kLk{ft:ti^kM ■ 

Since A{ck,t) = A{ck) + A'{zk,t)ick,t -Ck) for Zk^t e [ck,t,Ck], and since f^l{ck,t) = 
Co, (|150p can be written as 

\''A{ck){4>KLk{f+''{c^k.t)) - <^M,fc(co)) + i?fc,t , 

with |-fffc,f| < C|tp/^, uniformly in k < M for admissible pairs {M,t) (recall (fT4)) 
and (fT44|) ). Summing over 1 < fc < M and dividing by we have proved that, 
as t — )• 0, the contributions from ()150p cancel out exactly with the singular terms 
from line (|146p . (Recall that (M, <) are admissible, in particular ()115p holds.) 
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The other term, (|148j) . is 

(151) = - 1'^'' \^A'{x)cl>M,k{futu.)jmf+\x) - f-X{x)] dx , 

for u =^ u{t, x) G [0, t\. To finish, we shall next prove that the sum over 1 < k < M 
of (|15ip divided by t converges as t — !• and (M, t) is an admissible pair. 

Recalling the definition (|17p of Yfe,s, the proof of Lemma fin particular (|164p ) 
implies that there is s = s(t, x) G [0, t] so that 



ft:tix) - n'^ix) = -t 



xAfiif-Xix))) 



ifiYif^XiA) 



Since X is C"'^ , and since bounded distorsion holds for points which elimb (Lemma 
we find (recall (|46| in the proof of Proposition [3i9|) 

' X^ifAXix)) 



<ce2^'^i(/ri)'(ci.,)rV2, 



Then, using horizontality, we find 
^X,(/i-i(ci,,)) _ 



■E 



The proof of Proposition 13.91 implies that the above expression is bounded, uni- 
formly in fc < M and admissible pairs {M,t). (Here we use the uniform bounds 
from Lemma 15.81 ) Finally, recalling the properties of the support of (t>]\i^k 



1 



dx\ < C 



: dx 



CyJ\x~ Ck,s\\ 



Ck.t 



Summarizing, we have proved that (|15ip divided by t satisfies (recall also Lemma [2.10l 
and pTi)) ) 



Cfc.t 

-1 



A'=A'(x)0M,.(/-(t.),+ (^))[/^'W - f^t{x)]dx\ 



A A' (xUm kifA ^Ax)) dx\ 



sup \A'\ sup I^M.ole 



-/3ifc/2 



The bound in the third line above is summable over fc > 1, uniformly in M. 
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Since it is easy to check for each fixed k that 

Hm / \''A'(xUMk(r,':.. . (x)) ^"'''■"'+r:". dx 



, A A {x)(Pm k{ t n \ . [X] ; 



wc have proved that 
hm - 

t-i-O t 



hm i / A{x){Ut{<j)M) ~ n(0M))(a^) dx 



=-y y ± r x'A'{x)Mf+''{^)) ^"^-^'^'^f^ dx 



(The sign in the second hnc above comes from in (|147p . that is, it is the sign of 
^jfc-iy^j^ (fe ^■'(x).) The fixed point property of (f) imphes X(j)k+i = 4>k^k- There- 
fore, setting ^ ~ (^fc), and recahing the shift in indices in the definition (|T8l) of Y , 
we have 

hmi / A{x){T\SM)-^{ki)){x)dx = - f{A'of)-U{iY$)dy 

(152) = - A A' • (n o (id - To) o C){Y$) dy , 
where we used (|79p . This ends Step 3 and the proof of Theorem 12. 131 

Appendix A. Relating the conjugacies ht with the infinitesimal 

CONJUGACY a 

Wc show here that a deserves to be called an infinitesimal conjugacy. 

Proof. (Proof of Proposition 12.151 ) Let at: [— 1, 1] — > M be the unique continuous 
solution for the TCE 

vt = ato ft- ft ■ at- 

Since the family {at}|t|<c is equicontinuous and the solutions are unique, it is 
easy to see that {t,x) — )■ at{x) is a continuous and bounded function in (— e, e) x 
[—1, 1]. Note that at{~l) = «t(l) = for every t. For each xq e [—1, 1] to G (— e, e), 
the Peano theorem ensures that the ODE 

(153) dus{to,xo)\t=s ^ at{ut{to,XQ)) , utjto, xq) = 

admits a solution ut(to, 2:0). It is not difficult to see that this solution is defined 
for every t € (— e, e). Since ft is a deformation, there exists an unique conjugacy ht 
such that 

ftoht = htofQ. 

If xtg is an eventually periodic point for ftg , since all periodic points are hyper- 
bolic there exists an analytic continuation xt for xq. Then xt = ht{xo). An easy 
calculation shows that Ut{to, xq) = ht{xo) is a solution of the above ODE. 
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Claim: If wt is a solution of the ODE dtwt = at{wt) and wtg = htg{xo) for some 
to and eventually periodic point xq then wt = ht{xo) for every t. Indeed, denote 
= f^{wt). Note that the TCE implies that and fp{ht{xo)) are also solutions 
of the ODE above. Since at{x) is a bounded function 

\w^ - fl\htixo))\ < K-<| + IfZiKM) - frihtixo))\ < 2sup \at{x)\\t-to\ . 
So if t is sufficiently close to to then 

\friwt)-fr{ht{xo))\<s 

for every n. If i5 is small enough, since the orbit of /it(xo) by ft eventually lands on 
a repelling periodic point, it follows that Wt = ht{xo) for t close enough to to- This 
argument implies that 

{t: wt = ht{xo)} 

is an open set in (— e, e). Since it is obviously a closed set, it follows that Wt = ht {xo) 
for every t. This finishes the proof of the claim. 

In particular this claim implies the uniqueness of the solution of the ODE when 
Xq is an eventually periodic point. 

Now let X be a point that is not eventually periodic for Jq. We can find sequences 
Pm In of eventually periodic points for /o such that 

Pn <X < Qn 

and lim„ p„ ~ lim„ qn — x. Let wt be a solution for dfWt = at{'Wt) such that wq — x. 
The claim above implies that 

ht{Pn) <wt < ht{qn) 

for every n. Since ht is continuous we get lim„/i((p„) = lim„ /it((7,i) — ht{x), so 
ht{x) — Wt, for every t. □ 

Appendix B. The Lasota-Yorke bound [Ml Sublemma] for Sobolev 

NORMS AND PROBABILISTIC OPERATORS 

We adapt the argument of |14, Sublemma] (see also [55l Lemma 5.5]) to complete 
the proof of Proposition l4.101 by showing that there exists C, and for all n there is 
C{n), so that 

WiC'^mWLHD < Ceo'lVl|e + C(n)||V'||6z,i . 



Keeping in mind ((841) and (I85p . as well as the properties of the supports of the 
and ipj, fHTl) . 1661) . I^Tl) . (l82l) . and the conditions (ffTl) on A, one first obtains the 
following analogue of [H (4.14)~(4.15)] or ^ (5.25)-(5.26)]: There is a constant 
C and for each n a constant C{n) so that for each interval A C Eq 

|(£"(V'))^,(x)|dx<C^f ^ / \^'ix)\dx + m^^.) 

^ ' i=H{S) ^ ' cu'eOf 

while if the interval A <Z {—5,5), we get a stronger estimate (by Lemma l3.5|) where 
all factors c{5) in the right-hand-side above may be replaced by 1. 
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In (jl54p . the intervals lo in fio are either inverse images of A in through 
branches of our probabihstic version of /" which always stay in i?o, or inverse 
image of A u\ Ek, k{uj) > 0, through branches of the probabilistic /" which start 
from Ek, climb to Ek+n-j , for n — j — 1 iterations with < j < n — 1, then drop to 
level £^0 and stay there for the last j iterations. (The detailed analysis is slightly 
different depending on whether fc(w) > N or < N, for some N to be chosen much 
larger than n, in order to avoid dividing by small lengths |[/| in ([5T1) . see [TJ or [21] 
for details.) The intervals lu E Hq in Ek for fc > which will drop from Ek+n-j for 
k + n ~ j > H{S) have intersection multiplicity at most k + n — j by Remark 14.91 
Since the corresponding k + n — j factor is killed by an exponential p^C^+^^J) factor 
implicit in (jl54p (see |14[ Sublemma]), we may in fact glue overlapping intervals 
together up to taking a slightly smaller 8 > 1. The intervals a; G fig whose orbits 
never leave Eq are disjoint by construction. Each of them meets at most one of the 
(just grouped) intervals which go through Ek+n-j, and we can glue them together 
at the cost of replacing C by C + C = 2C. 

The intervals w' S in (jTSJ) are inverse images of A in Eq via the branches 
of our probabilistic version of which climb the tower up to some level k = k{uj') 
with H{5) <k<£<n<N, fall to level Eq, and then stay in Eq for the 
remaining £ ^ k — I iterations. Remark 14.91 about the maximum overlap of fuzzy 
monotonicity intervals Ik ensures that the intersection multiplicity of the intervals 
in fli dropping from level k> H{5) is at most k < £. Since i(d~^ may be replaced 
by for £ > H{S), up to taking a slightly smaller Q, we may regroup overlapping 
intervals in Qi. 

If ilf is empty for £ > 1, we are done. Otherwise, to perform the inductive step, 
let us rename fli = flj for £ > 0. Exploiting Lemma 13.51 to see that we get at 
most one factor c{5)^^, we can then inductively conclude the argument, just like 
in [131 Sublemma] (see also [SSI Lemma 5.5]). The only difference with respect to 
the analysis in [M] is that the intervals of fig (after regrouping, which may be done 
as above) may overlap with those of Qq. More generally, the intervals of 
may intersect those of U™ j^fig. Since there are at most n/ H{5) inductive steps, the 
overlap factor n/H{5) is negligible in front of C8~". 



Appendix C. Proof of Lemma [671] on Taylor expansions 

As usual, we consider f+^-: the other branch is similar. The assumptions imply 
that dtft\t=s = ° fs, where Xg o fg is and horizontal for fs- 

We prove (|136p and (|137p - p38p for s = 0, the general case then follows from 
Lemma 15.81 using that for all < k < M so that (|114p holds, we may take 

£.k,t = £,k by Proposition [STll 

By horizontality, the estimate (|46| in the proof of Proposition 13.91 (using the 
notation Wk{y) introduced there) gives C > so that for any k > Hq 



\Yk{y)\ 



^ x{P{y)) 



= sup \wkiy)\ < C 



|(/'=-l)'(ci)|l/2 



proving (|136p . 

For the claim (|137p on the derivative, note that 
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with 



5, 



xiPiy)) 



'imy) (P)'(y) 



(157) 



ip-'nriy))f'iriy)) ' 

We shall use the estimates in the proof of Lemma 14.11 For y E Ik, the bound 
(pl says that > Ce^''™, for 1 < m < fc - 1, the bound §B says 

that |(/™)'(y)| > C2e-'^'^-|(/™-i)'(ci)||(/'=-i)'(ci)|-i/2 fo,. i < „ < fc, while ^ 
gives |/'(/^(y))| > Ce^'*^ for 1 < £ < k. (These bounds do not use horizontality.) 

The second term in the right-hand-side of (|157p can be decomposed as 

J2x{P{y))J2' 



(158) 



i=0 
k 



f'ifiy)) 
{p-')'{f'{y))r{ny)) 



f"{y)^ X{p{y)) 



fe-1 



T- 



nriy)) 



E 



By (j65p for m = 1, combined with (|136p (which holds by horizontality), we find 



f^'xiPiy)) 



f'iy) U (^')'(^) 



The second term in the right-hand-side of (jl58p does not require horizontality, only 
(|M)> and dMl), which give 



(159) 



fc-i 



If/ 



E 



\X{P{y))\ 



Remembering (|156p . and using again (|65|) (for m = k), we have proved (|137p . 
The proof of ([T^ is similar. We start by noting that ^^tt^tt^t^t = 



(160) 



Ykiy) 



,2 Ykiy) 



where ^^^^^ = 
(161) 

E x'\p{y)){py{y) - E -^'(/^'(^/)) E 

(162) 

-VxrP7 ^^ [y r r (/^(y))^(/0'(2/) 

^ ^^It^ {p-')'{P{y)){P{P{yW 

(163) 



E 



nfjy)) 

PiPiy)) U iP-'-')'if'^'iy))PU'+Ky)) 
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The first term in (fTeO]) is bounded by e^^'^Hf'"-^)' {ci)\-^^'^ by the proof of (fm]) and 
((59)) from Lemma [4T] The first term in (|T6T1) is bounded by C|(/''"i)'(ci)|i/2, in 
view of Lemma l3.3l and Lemma lOl Hence, dividing by {{.f^)' [f^^ [x)Y , and using 
Lemma Em the contribution of this term is bounded by Ce^'''''|(/''~^)'(ci)|~^/^. 

Using again the same observations, we find that the second term in (|16ip is 
bounded by Ce^T^ Dividing by {{f^)' {f+^{x)f , we get a contribution bounded 
byCe57fc|(/'=-i)'(ci)ri. 

For ()162p . one must distinguish between the terms for ^ = 0, for which hori- 
zontahty gives a bound Ce^'^^\{f^~^)' {ci)\^/'^ (note the factor {f'{y)Y in the de- 
nominator), and the terms where £ > 1, for which a straightforward estimate, 
using the remarks above (and in particular Lemma l3.3p . gives an upper bound of 
the form Ce^T^ Dividing by ((/'=)'(/+''(x))2, we get a contribution bounded by 

Cg57fe|(/fe-l)/(c^)|-l/2^ 

For (fTBH]) . if £ = and i = 0, horizontality gives a bound Ce'^^''\i,f''''^y {ci)\'^/'^ , 
while if i + £ > 1, we get a bound Ce*"'''. Dividing by {{f''y{.f+ (x))'^, we get a 
contribution < Ce'^T'^|(/'=-i)'(ci)|-i/2^ This ends the proof of 

In view of the more complicated estimates to follow, we notice the following 
pattern: The dangerous factors in the above estimates are powers of f'{y) in the 
denominator and factors [f^)'{y) for large I in the numerator. The "white knight" 
available to fight them is a power of {y) in the denominator. An additional such 
power appears each time we differentiate with respect to x. The terms for which 
the power of f'{y) in the denominator exceeds that of {f^)'{y) in the numerator 
can be handled by horizontality. The price to be paid for the control is a power of 

We turn to (fTSQ]) and (fUO]) . If (x, t) ^ $t(x) e / is a map on / x [-e, e] so 
that X t-^ ^tix) is invertible, then we have 



(164) dt^^\x)\t^s = 

and 
(165) 

[dx<^t) o '^t [x) 



(9,$.)o$-i(x) 



id^^s)o^i\x) 

{dM=s) o <^7Hx) {d?M^s) o K\x) + (^L'&s) ° '^jHx) ■ dt<PT\x)U^. 

{d^^s)°^sHx) (a,$,)o$7'(a;) 
Since 1 1-)- /t g C^(/) is C^, we may apply the above to ^t{x) = ft{x) restricted to 
a suitable domain. The right-hand-side of pM)) is just Yk,slf7Xi^))/ifsY{fr.+ {x))- 
Then, a Taylor series of order 2 gives 

(166) f:^\x) - f,:l{x) = t ^YJ;'}^^\ + t'F.ix, s) , 

(/'')(/+ (x)) 

where x is as in (|139p and s € [0,t]. In order to estimate Fk{x,s), we look at the 
various terms in (|165p . The (identical) factors 9t$7^ and {dt^t/dx^t)°^i^ can be 
bounded by (|136p . Since 9^j$t|t=o = dyYk, the two terms containing this expression 
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can be controlled, when divided by {dx^t)°^i^ , respectively by e^^"'''°|(/'^)'(ci)|^/^, 
by using the ideas to bound (|157p . Analysing the term containing 9^^$t is of the 
same type as (but simpler than) what we did for dyyYk, and the available factor 
l(/'")'(ci)|~"'^ gives the right control. The only new expression is 

dl<^,U=s{^) = ZU^) := dtYUx)\t=s = lim ^^-^^^j " ^''.-(^) . 

t^s t ~ S 

This involves functions such as /', /", /", X^, and X'^, but also dtXf. The dominant 
term contains a factor Hf'^Yiy), which can be controlled by (dx^s) ° in the 
denominator. 
Finally, using 

we find 

(168) — L- L- =t(^t^i±^^)' + fGk{x,s), 

for X as in (|140p and s G [0,t]. The new derivatives appearing in Gk are d^^^^, 
df^^^ and dff^^ (but not which is a priori undefined). The claimed estimates 

on sup \ Gk I can be obtained by horizontality, similarly to those for Fk, using now the 
a;-derivative of (jl65p and exploiting in addition to the previous remarks the bound 
(jl38p . The cancellation pattern described above emerges again. The computations 
arc straightforward, although cumbersome to write, and left to the reader. 
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